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Abstract 

We consider the self-dual vortex equations on a positive line bundle L — > M over a com- 
pact Kahler manifold of arbitrary dimension. When M is simply connected, the moduli 
space At of vortex solutions is a projective space. When M is an abelian variety, At 
is the projectivization of the Fourier-Mukai transform L — > M over the dual variety. 
We extend this description of the moduli space to general abelian GLSM, i.e. to vortex 
equations with a torus gauge group acting linearly on a complex vector space. In this 
case At becomes a toric orbifold and a toric fibration over a cartesian product of M's, 
respectively. In all these examples we compute the Kahler class of the natural L 2 -metric 
on the moduli space. In the simplest examples we compute the volume and total scalar 
curvature of At. Finally, in the case of abelian GLSM, we note that Ai is a compactifica- 
tion of the space of holomorphic maps from M to toric targets, just as in the usual case 
of M being a Riemann surface. This leads to various natural conjectures, for instance 
explicit formulae for the volume of the space of maps CP m — > CP™. 
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1 Introduction 

The simplest type of vortex equations on a Kahler manifold is defined on a hermitian 
line bundle L — > M over the manifold. The variables are a unitary connection A and a 
smooth section of L. To each pair (A, <fi) one associates a positive energy 

E(AA) = [ ^\F A \ 2 + |d A 0| 2 + ^(|0| 2 -r) 2 , (1.1) 

where r and e 2 are positive constants, 6.a4> is the covariant derivative, and Fa denotes 
the curvature form of the connection A. All the norms are taken with respect to the 



1 



hermitian metric on L and the Kahler metric on M. In two dimensions, this energy 
functional coincides with the usual static energy of the abelian Higgs model. 

Assuming that M is compact, a standard Bogomolny-type argument [Bra] shows that 
the energy is bounded below by a constant, 

E{A,<t>) > E vortex , (1.2) 

and that this minimum is attained precisely when the pair (A, 0) satisfies the so-called 
self-dual vortex equations. The equations read 

d A <\> = (1.3) 
AF A - ie 2 (|0| 2 -r) = (1.4) 
Ff = , (1.5) 

where AFa represents the contraction of the curvature with the Kahler form ujm on M. 
When M is a Riemann surface, AFa = *Fa is just the Hodge-dual and the last equation 
is trivially satisfied, since every 2-form has vanishing (0,2) Dolbeault component. The 
energy of a vortex solution on a m-dimensional compact Kahler manifold is given by 

f ir 1 
= j M J^iy. F * A <r l + 2e2(m _ 2) , *U A F A A ^ ■ (1-6) 

It does not depend on the particular solution (A, 0) because the cohomology class [Fa] is 
just the Chern class — 27rici(L), a topological invariant of the line bundle L. 

In this article we will study the moduli space of solutions these vortex equations and 
of another, more general, flavour of vortex equations: those of the abelian gauged linear 
sigma-model (GLSM). These are written down in ( 13 . 1 j) . All these equations and moduli 
spaces have been widely studied in the case where M is a Riemann surface [JT\ \Bra\ \MP\ 
IMS} IWej . In fact, in two dimensions, the subject has advanced much further than the 
abelian case, with an impressive body of work about non-abelian vortex equations, i.e. 
equations defined on vector bundles over M (see for instance [That IBDGW} lEINUSt \NS\ 
IBa3j and the references therein), and vortex equations on bundles with non-linear fibres 
( |CGMS[ I Wot fZT) and the references therein). When M is a higher-dimensional Kahler 
manifold, however, our understanding of vortex moduli spaces is much less thorough. 
Important results have already been obtained, such as a version of the Hitchin-Kobayashi 
correspondence [Bra], IBan[ IMuj . In the abelian case, certain vortex moduli spaces were 
described as spaces of divisors on M [Ba2j. Nonetheless, for higher-dimensional M there 
seems to be a general lack of explicit descriptions of the moduli spaces as global manifolds, 
even in the case of the simplest abelian vortices. Here we try to partially fill in this gap. 

In Sections 2 and 3 of this article we give explicit descriptions of the vortex moduli 
spaces of the abelian GLSM. We mostly work in the case where M is simply connected or 
is an abelian variety (a higher- dimensional complex torus), although some results apply in 
greater generality. For the simplest abelian vortices, i.e. for equations (jl.3p - (jl.5p defined 
on a line bundle L, the main result of |Braj implies that the vortex moduli space Ai 
is a projective space when M is simply connected. When M is an abelian variety, the 
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moduli space is a projective bundle over dual variety M; more precisely, it follows from 
an observation in |Bri] that Ai is the projectivization of the Fourier-Mukai transform 
L — > M of the original line bundle L. After justifying these remarks in Section 2, we 
proceed in Section 3 to consider the more general abelian GLSM, showing that in this 
case the vortex moduli space is a toric orbifold for simply connected M (Proposition 
13. 6p . and that, for abelian varieties, it is a toric fibration over a cartesian product of M's 
(Proposition 13 .7p . In both these Sections we also work out the topology of the natural 
"universal" bundle over the product M x Ai, a result necessary for the calculations in 
Section 4. 

General arguments say that vortex moduli spaces have a natural Kahler structure 
|Muj . The complex structure on Ai is canonically induced by the complex structures on 
M and on L. The compatible Kahler metric um can be described roughly as follows. 
If (A t , <f>t) is a one-parameter family of vortex solutions, a tangent vector to this path is 
represented by the derivative <fi - a section of L - and the derivative A - a 1-form on 
M. These derivatives satisfy the linearized vortex equations. The standard metric on the 
moduli space Ai is then determined by the L 2 -norm 

applied to the horizontal part of the tangent vector, i.e., to the component of (A,<p) 
perpendicular to all vectors tangent to gauge transformations. This metric on Ai has a 
well known interpretation as the reduced metric on a (infinite-dimensional) symplectic 
quotient. In physics, it gives relevant information about the low-energy dynamics of 
vortices [MS]. It is very hard in general to obtain explicit knowledge about um- Our 
work in Section 4 is to compute the cohomology class [u^] of the Kahler form on the 
moduli space. We are able to do so both for the simpler model of vortices on line bundles 
and for the more general abelian GLSM. The base M, as always, can either be simply 
connected or be an abelian variety. In the simplest examples, our knowledge of the Kahler 
class [ujm] an d of the cohomology ring of Ai allows us to write down explicit formulae 
for the volume and total scalar curvature of (Ai, ujm)- The results of this Section extend 
formulae obtained by Manton and Nasir |MN] and the author |Ba4] in the case where M 
is a Riemann surface. We rely heavily on a description of um originally due to Perutz 
|Pej and generalized in |BSj IBa4j . 

In the final part of the paper, Section 5, we look at the relation between vortex moduli 
spaces in abelian GLSM and spaces of holomorphic maps M — > X to toric targets. This is 
a very familiar and well studied story in the case where M is a Riemann surface. In fact, in 
two dimensions, one of the main motivations to consider abelian GLSM is that its vortex 
moduli space is a natural compactification of the space of holomorphic curves in toric 
varieties, and hence can be used to compute Gromov-Witten invariants of these varieties 
jWil IMP! BOB. Much less attention has been devoted to this line of ideas when M is a 
higher- dimensional Kahler manifold. Since many of the techniques extend readily from the 
two dimensional case, in Section 5 we go through this natural generalization, describing the 
natural embedding H Ai of the (generally non-compact) space of holomorphic maps 
into the corresponding (compact) vortex moduli space (Proposition 15. ip . One notable 
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difference from the two dimensional case is that % does not always embed as an open 
and dense subset of Ai. Roughly speaking, this will happen only if the dimension of M 
is small enough compared to the dimension of the target X (Proposition I5.5P and the line 
bundles of the GLSM have enough holomorphic sections. 

One of our original motivations to study the embedding H <^-> Ai is to compare the 
natural Kahler metrics on both these spaces. Recall that H is a space of maps between 
Riemannian manifolds, and hence has a natural L 2 -metric It is natural to ask if there 
is any relation between uj-h and the pullback of the vortex metric um by the embedding 
H ^ Ai. Following [Ba4] . in Section 5.3 we conjecture that the metric uj-h is the pointwise 
limit of um when the gauge coupling constant e 2 goes to infinity. In particular, when % 
embeds as an open dense subset of Ai, we should have that 

Vo\(H,u H ) = lim Vol (M, lo m ) . 

e 2 — >+oo 

Taking the limit of the explicit formulae for Vol (Ai, ojm) obtained in Section 4, we can 
thus propose a few conjectural formulae for Vol (T-L,u^), as well as for the total scalar 
curvature of ('H,u-y). See for instance the Example in Section 5.3. It seems non-trivial 
to check these formulae by direct computations on "H, since this space is not compact 
and the metric uj% cannot in general be compactified as a smooth metric (it can have 
unbounded scalar curvature). In the very special instances where direct computations 
have been performed |Spe| , they agreed with analogous conjectures made in |Ba4j . 



2 Vortices on line bundles 

2.1 General description 

The simplest type of vortex equations on a m-dimensional Kahler manifold is defined on 
a hermitian line bundle L — > M. The vortex equations are f ll.3p - fll.5p . Assuming that M 
is compact, an integration of the second equation over (M, u>m) shows that a necessary 
condition for the existence of vortex solutions with non-trivial section <fi is that 

a := rVolM - ^ ^^VolM > , (2.1) 

e 2 [um\ 

where || denotes the component parallel to the vector [%] in the euclidean space H 2 (M, M). 
See Section 3.1 for more details. The real number a will be called the stability parameter. 
When this inequality is satisfied there are plenty of vortex solutions, as follows from the 
basic result of Bradlow: 

Proposition 2.1. L r Brc$ Assume that condition (12. ip is satisfied. Then for any pair 
(A, 0) with non-zero <p satisfying Ba4> = and F^ 2 = 0, there exists a gauge transforma- 
tion g : M — > C* ; unique up to multiplication by U(l)-gauge transformations, such that 
{g{A), g{4>)) is a solution of the full vortex equations. All vortex solutions can be obtained 
in this way. 
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So the set of full vortex solutions up to [/(l)-gauge transformations coincides with the set 
of solutions of (II. 3D and (II. 5ft up to C*-gauge transformations. This is an example of a 
Hitchin-Kobayashi correspondence. As is well-known, there is also a bijective correspon- 

2 

dence between connections on L — > M satisfying = and holomorphic structures on 
the line bundle [KoJ. Moreover, if A is such a connection, then Ba4> = if and only if 
the section is holomorphic with respect to the holomorphic structure on L induced by 
A. It follows that the moduli space M. of vortex solutions coincides the space of pairs 
"holomorphic structure plus a non-zero holomorphic section" on L, up to isomorphism. 
It is also a standard fact that such pairs are in one-to-one correspondence with effective 
divisors on M representing the cohomology class c\(L). So we have: 

Proposition 2.2. Let M be a compact Kdhler manifold and assume that condition (12. ip 
is satisfied. Pick any effective divisor D on M representing the homology class Poincare- 
dual to Ci(L). Then there is a solution (A, 0) of the vortex equations such that D coincides 
with the divisor of the zero set of 4> regarded as a holomorphic section of L. This solution 
is unique up to U(l)-gauge transformations. All vortex solutions are obtained in this way. 

This result means that choosing a vortex solution is equivalent to picking an effective 
divisor of hypersurfaces on M. When M is a Riemann surface, solutions are determined 
by a choice of d points on M, where d is the degree of L. In other words, they are 
determined by a point in the symmetric product Sym rf M. This description of the moduli 
space as a space of divisors is possible for vortices on line bundles, also called local vortices, 
but does not in general extend to other types of vortices. 

2.2 Case of simply connected manifolds 
Moduli space 

When the Kahler base M is simply connected, besides describing the vortex moduli space 
as a space of divisors, it is easy to give a concrete description of Ai as a complex manifold. 

Proposition 2.3. Let M be a m- dimensional, simply connected, compact Kahler mani- 
fold, and let L — > M be a positive line bundle satisfying condition (12. ip . Then the moduli 
space of vortex solutions on L is 

M ~ ¥(H°(M;L)) ~ CP r(L)_1 , 

where r(L) is the complex dimension of the space of holomorphic sections H°(M; L). 

Proof. Since M is simply connected, there is exactly one holomorphic structure on the 
complex bundle L. This can be recognized through the usual short exact sequence of 
sheaves that, after standard identifications, implies the exact sequence in the cohomology 
(see [GH] ) 

H°'\M,C) — > Pic(M) H 2 (M,Z) #°' 2 (M,C) . 

The holomorphic sections of L then form a vector space H°(M; L) of finite dimension. 
The dimension is positive because L is positive by assumption. Scalar multiplication of a 
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section by a constant A G C* corresponds to a (constant) complex gauge transformation, 
since these leave the holomorphic structure (or the Chern connection) invariant. So 
the moduli space of Bradlow pairs "holomorphic structure plus a non-zero holomorphic 
section" on L is, up to isomorphism, H°(M; L)\{0} divided by the scalar action of C*. □ 

Remark. To prove that Ai is a projective space one does not really need the assumption 
that M is simply connected. It is enough to assume that Pic(M) ~ H 2 (M, Z), i.e. that 
each complex line bundle on M has a unique holomorphic structure. Throughout the 
paper we could have used this weaker assumption instead of simply connectedness. 

Since the moduli space M. ~ CP r( - L * )_1 is a projective space, there exists a natural hyper- 
plane bundle H — > M.. As is well known, the cohomology class 

v ■= Cl (H) G H 2 (M,Z) 

generates the cohomology ring of Ai . 



Examples 

(1) When M is a Riemann surface, vortex solutions on a degree d line bundle L — > M 
are determined by a choice of d points on M, as described above, so the vortex moduli 
space hA is the symmetric product Sym d M. This is a classic result. 



(2) Suppose that M is a compact and simply connected Kahler manifold with H 2 (M; Z) ~ 
Z. Then Pic(M) is also isomorphic to Z. If E — > M is a positive generator of the Picard 
group, the Chern class c\(E) generates the additive group if 2 (M;Z) (this follows from 
the Lefschetz theorem on (l,l)-classes) and any holomorphic line bundle L — > M is 
isomorphic to a tensor product ® d E. The integer d is called the degree of L and is 
determined topologically by 

ci(£) = d-c^E) . (2.2) 

Since H 2 (M, R) = R is one dimensional, there is no need to take the parallel component 
in inequality (I2.ip . and that stability condition can be rewritten simply as 

e 2 r 

°i( L ) < o t WM ] • 

27r m 



According to Proposition I2.3[ for any given line bundle L = E the vortex moduli space 
M. is a projective space. Its complex dimension is determined by the integer 

r(L) := dim c H°(M;E d ) , 

which depends only on the manifold M and on the degree d. For instance, when M is the 
standard projective space M = CP" 1 , we have E = 0(1) and 

r(cpv) = + 
ml dl 
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When M is the Grassmannian Gr(n, k) of /c-planes in C n , a generator of Pic(M) is the 
pullback by a Pliicker embedding of the hyperplane bundle 0(1) over projective space. 
Equivalently, E is dual to the fc-th wedge product of the rank-/c tautological bundle over 
Gr(n, k). A classic result then says that the space of holomorphic sections of E has 
complex dimension (see |Sa| p. 93] and the references therein): 

n—k n j 

r(Gr(,a),<i) || I] d -±^> 

i=l j=n-k+l J 

(3) Let M be the Hirzebruch surface F k = P(C(-jfe)©C). This is a bundle over CP 1 with 
fibre CP 1 . Both the Picard group and the co homology H 2 (M, Z) are isomorphic to Z©Z. 
The standard generators [F] and [C] of the 2-cohomology are Poincare-dual, respectively, 
to a fibre of the bundle and to the canonical section of the bundle. Let L ab — > Fj, be the 
line bundle with Chern class a[C] + b[F], where a and b are positive integers. Then well 
known identifications of holomorphic sections (see ch.V.2 of [HarJ) say that 

a 

H°(F k ,L a , b ) ~ #°(£°(0(-A;)©C)®0(&)) ~ H (O(-kl + b)) , 

1=0 

and so 

a 

r{L ayb ) = dim H°(F k ,L atb ) = J] max{0, 6 - W + 1} . 
Universal bundle 

One of the main objects of study in this paper are the vortex universal bundles over 
the cartesian product M x Ai. In the case of the simplest abelian vortex equations, the 
universal bundle is just a line bundle 

C — ► M x M ■ 

It can be constructed in at least two different ways. Regarding Ai as the space of effective 
divisors on M with class c±(L), the universal bundle corresponds to the divisor T> on the 
cartesian product M x M. consisting of the points (x, D) such that x belongs to the 
support of D. It is clear that, for every D 6 M, the restriction £\mx{D} is isomorphic to 
[D] as a line bundle over M. In the second construction of C, described for example in 
|Pe | IBalj . we regard M. as being the quotient V/Q of the space of vortex solutions by the 
group of unitary gauge transformations on L. Then £ is obtained as the quotient bundle 
(L x V)/ Q, where unitary gauge transformations act both on L and on V. If [A, 0] denotes 
the gauge equivalence class of a vortex solution, there exists a global section $ of £ that 
takes a point (x, [A, 0]) in M x M. to the point [4>(x) , A, cp] in the quotient (L x V)/Q. 
Since the section $ vanishes exactly along the tautological divisor P, we recognize that 
ci(£) = ci ([£>]) and that both constructions are equivalent up to smooth isomorphism. 
The first construction induces a natural holomorphic structure on £; the second induces a 
hermitian metric, inherited from the one on L, and a unitary connection A (see [Pel IBalj ). 
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When the manifold M is simply connected, and so is a projective space, the 
universal bundle £ is particularly easy to describe. 

Lemma 2.4. Denote by p\ and P2 the projection from the product M x M. onto the first 
and second factor, respectively. Then C is isomorphic to p*L ®p 2 H. In particular 

ci(£) = pJci(L) + Pa 77 , 
where, as described above, 77 is the first Chern class of the hyperplane bundle H — > A4. 

Proof. The cartesian product M x M. is simply connected, so the holomorphic structure 
on L is determined by its first Chern class. Since each factor has trivial 1-cohomology, 
necessarily 

c x {C) = p\a + p* 2 f3 

with a G H 2 (M,Z) and (3 G H 2 (M,Z). The class a is the first Chern class of the 
restriction of C to M x {point}. By construction of C this restriction coincides with L, 
so we get that a = c\(L). The class /3 is the first Chern class of the restriction of C to 
{point} x Ai, and in |Ba4j it was shown that it coincides with Ci(if). □ 

2.3 Case of abelian varieties 
Moduli space 

Let L — y M be a complex line bundle over an abelian variety of complex dimension m. 
Since M is a complex torus, it can be represented as a quotient V/A of a m-dimensional 
complex vector space by a discrete lattice of maximal rank 2m. Any integral basis 
{Ai,...,A2-m} for this lattice also spans the full vector space over the reals, so it de- 
fines dual real coordinates {x 1 , . . . , x 2m } on V. The differential 1-forms {da; 1 , . . . , dx 2m } 
then descend to the quotient M and generate the integral cohomology ring H*(M, Z). It 
is a standard result that the basis of A can be chosen such that the first Chern class of L 
is simply 

m 

Cl (L) = J2 6 i dxl Adxm+3 ( 2 - 3 ) 
i=i 

for some integer coefficients 5j G Z |GHj . Now, we want to determine the moduli space 
of vortex solutions on L. The easiest way to describe this space is to use the Hitchin- 
Kobayashi correspondence of [Bra] and think of vortices as pairs "holomorphic structure 
plus a non-zero holomorphic section on L". On the one hand, since M is an abelian 
variety, the set of holomorphic structures on L is a complex torus of the same dimension 
as M, which will be denoted by Pic Cl ^M. On the other hand, by assumption L is 
positive, so we know |GHj that for any holomorphic structure on L the dimension of the 
space of sections is 

m 

r{L) = dime H°(M;L) = JJ^'- ( 2 - 4 ) 

3=1 
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An argument similar to the one used in Section 2.2 then shows that the space of Bradlow 
pairs on L should be a projective bundle over Pic Cl ^M. The fibre above each point L' 
in this Picard variety will be the projectivization of H°(M; V). But which bundle is this 
precisely? The answer can be stated as follows. 

The torus Pic Cl( - L - ) M is (non-canonically) isomorphic to the Picard group Pic°M of holo- 
morphic line bundles over M with trivial Chern class, usually called the dual variety M. 
Consider the Poincare line bundle V — > M x Pic°M with the usual normalization. De- 
noting by pi and p 2 the projections from this cartesian product onto the first and second 
factors, respectively, we can define the push-forward bundle 

L ■= p 2 *(V®p\L) — ► Pic°M . 

This is a complex vector bundle of rank r(L) and is called the Fourier-Mukai transform of 
L (see [BBRj |Huy| , for instance, for a description of these transforms in a much broader 
setting). Then according to Brion [Brij the space of Bradlow pairs on L — or, equivalently, 
the space of effective divisors on M with class c\{L) — coincides with the projectivization 
of L. 

Proposition 2.5. Let L — > M be a positive line bundle over an abelian variety and 
suppose that condition (12.11) is satisfied. Then the moduli space of vortex solutions on L 
is a smooth bundle over the torus Pic°M with typical fibre CP^^ -1 . In fact, the moduli 
space coincides with the projectivization 

M ~ P(L) 

of the Fourier-Mukai transform of L. 

Proof. It is a consequence of Proposition 13.41 and the description in [Bri, Sect. 5] of the 
space of effective divisors on M that are Poincare-dual to the class Ci(L). □ 

Cohomology of the moduli space 

Since M. is a projective bundle, there exists a natural "hyperplane" line bundle H — > Ai 
and a natural class 

rj := Cl (H) E H 2 (M;Z) (2.5) 

that generates the cohomology of the projective fibres of Ai. By the Leray-Hirsch theorem, 
any cohomology class in H* (Ai ; Z) can be written in the form 

r(L)-l 

for some classes 7^ G if*(Pic°M; Z), where proj : Ai — > Pic°M denotes the natural 
projection. Multiplicatively, these cohomology classes are subject to the standard relation 

r(L) 

r,™ +$>(L)?f^- fc = 0. 

k=l 
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So to obtain the ring structure on H*(M. \ Z) we need to know the Chern classes of the 
Fourier-Mukai transform L. These are determined by the following result. 

Lemma 2.6. The Chern character of the Fourier-Mukai transform L is 

m 

ch (L) = H(5 k - dx* k A dx* m+k ) , (2.6) 
fc=i 

where {dx* k } is the basis of if 1 (M, Z) dual to the basis {dx k } of H l {M,l^. The total 
Chern class can then be written as 

c(L) = exp [f>l)^>/^ (£i)'l = (gP^kflly, (2.7) 



k V r 

k=l 



V 1 + ( c iM 2 

where the integer r is given by (12. 4p and c\ = C\(L) = ch\(L) is the first Chern class. 

Proof. Using the definition of L, the Chern character can be expressed as 

ch(L) = ch[p 2 *(P ®plL)] = p 2 *ch(V®p* 1 L) 

= p 2 * [ch(P) -piCh(L)] = p 2 * (exp [c^V)] -p*exp [ci(L)]j . 



Notice that in the second equality above we have used the Grothendieck-Riemann-Roch 
formula applied to the projection morphism p 2 . The Todd classes of M and Pic°M do 
not appear in this formula because both manifolds are Lie groups and hence have trivial 
tangent bundle. On abelian varieties the first Chern class of the Poincare line bundle is 
given by the standard formula |HuyJ p. 198] 



2)» 



a=l 



The Chern class c\(L) is given by (12. 3p . The push forward map p 2 *, on its turn, is just 
the standard integration over the fibre M of the projection M x Pic°M — > Pic°M. In 
particular 

p 2 * (7 A da; 1 A ■ ■ • A dx 2m ^ = 7 

for any class 7 in H*(Pic°M; Q). Using all these elements, an exercise in bookkeeping 
yields 

chj(L) = p 2 



(2j)\ (m-j)\ 

= E ( II S *) (U dx * Adx m + iJ . 

{jea\#j=j} ie{i,...,m}\J leJ 

where we have denoted by a the set of subsets of {1, . . . , m}. It is then easy to recognize 
that the formula above is equivalent to (12.61) . as desired. 



10 



To obtain the total Chern class of L, recall that it is related to the Chern character 
by the standard formulae 



c(L) = H( 1 + ^) 



ch(L) = J2 e ° fc 



k=l 



k=l 



for some G H 2 (M, Z). In particular we can write 



c(L) = exp \ iogl 1 + 



k=l 
+00 



m +00 



k=i j=i 



-1 w 



ex p[E(- 1 )^ 1 ^'- 1 ) !ch ^ z ) 



{2.1 



where of course all these sums have only a finite number of nonzero terms. Using (I2.6P it 
is straightforward to check the recursion property 



ch,(L) 



j 5x ■ ■ ■ 5, 



ch^ch^L) = ^jj — T ^ =l ^ 1 {Ly . 



(2.9) 



Then the first equality in formula ( 12. 7p of the lemma can be obtained by substituting 
(12. 9p into the relation ( 12. 8p . To deduce the second equality in formula ( 12 .7p just divide 
the series 



,fc(*-l)/2^ f2L 



k=l 



k V r 



(2.10) 



into a sum of the even and odd sub-series and, using the standard Maclaurin expansion 
of the functions log(l + x) and arctan(x), check that ( I2.10p coincides with the expansion 
of 

' ' r 11 ' ' IT) 



—— log [l + (cx/r) 2 ] + r arctan(ci/r 



This ends the proof of the lemma. 



□ 



Universal bundle 

We consider now the universal line bundle 

C — ► M x M . 

defined in Section 2.2. When M is an abelian variety we have the following result. 

Lemma 2.7. Denote by p\ and p 2 the projections from the product MxM onto the first 
and second factors, respectively. Call proj the projection Ai — > Pic Cl( - L ^ ~ Pic°M. Then 
C is isomorphic as a complex line bundle to the tensor product (idx proj)*P ®p\L®p2H. 
In particular 

Cl {£) = p\c x {L) + p* 2 rj + (idx proj)* Cl (P) . 
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Proof. Regard Ai as the space of effective divisors on M with class C\(L). The definition 
of £ in Section 2.2 says that £\mx{d} — [D] as a holomorphic bundle, hence 

ci(C)\ M x{D} = c 1 (C\ M x{D}) = ct([D]) = d(L) 

for any divisor D G Ai. In particular the restrictions of the complex line bundle £ <8> p*L _1 
to submanifolds of the form M x {D} always have trivial first Chern class. Then the 
universal property of the Poincare line bundle (see [BBRI p. 84]) guarantees the existence 
of a unique holomorphic map / : Ai — > Pic°M such that £ ® p\L~ l is isomorphic to 
(id x f)*V ® where M is a line bundle over Ai. Moreover, the map / is determined 

by the formula 

f(D) := £ ® p\L- 1 | Mx{D} = [D] ® L- 1 
for any D G .M, so it coincides with the natural projection proj. So we have that 

c x {C) - p\c x {L) = (idxproj)* Cl (P) + p* 2 c x {M) . 

The normalization of V is such that its restriction to the subset {0} x Pic°M is trivial, 
so the line bundle M coincides with the restriction of £ to the submanifold {0}xA^. As 
shown in |Ba4] . this last restriction is isomorphic to the hyperplane line bundle H — > 
Ai associated with the projectivization, and this proves the formula for c\{£). The 
expression for £ as a tensor product follows automatically because complex line bundles 
are determined up to smooth isomorphism by their first Chern class. □ 



3 Vortices in abelian GLSM 

3.1 General results 

Let M be a m-dimensional compact Kahler manifold and let p be a linear representation 
of the fc-torus on C n . We denote by the integral weights of the representation, where 
the indices run as 1 < j < n and 1 < a < k. Assuming that p is effective, the span of the 
weights {Qj G Z fc : j = 1, . . . ,n} over the real numbers is the full space Now take 
a principal bundle P — > M with group T k and define the line bundles Lj — P x p . C 
over the manifold M associated with the restriction of p to the j-th copy of C inside C n . 
With these conventions the vortex equations are written for pairs (A,4>), where A is a 
connection on P and is a section of the direct sum bundle @^ =1 Lj. They read 



d A 4> 


= 


AF A 


- te 2 


F 0,2 
r A 


= o, 



(3.1) 



where the curvature F A has values in the Lie algebra t k = iM> k and r is a fixed constant 
in M fc . The moduli space of solutions to these equations depends on the principal bundle 
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P and on the values of the constants Qj and e 2 r. For instance, using that u^/ml is the 
volume form on M, that 

KF A ujZ = mFAAu™- 1 , 

and integrating the second vortex equation over (M,um), it is clear that a necessary 
condition for the existence of vortex solutions with non-trivial d> is that the vector 



1 I „ uj m 



m—l 



(VolM)x- -y^A^ (3.2) 

in R fc can be written as a linear combination of weights Qj with non-negative scalar 
coefficients. Now decompose the T fc -bundle P as a product of circle bundles 

P = x k a=1 P a — ► M 

and consider the Chern classes c\(P a ). By a slight abuse of notation, we will denote by 
ci(P) the vector in the co homology (B k H 2 (M, Z) with components c\(P a ). Then, using the 
standard L 2 inner product of forms to decompose H 2 (M, R) into the real line generated 
by [%] and its orthogonal complement, we have that 

Ci(L) A [um]™" 1 = d^llAM™- 1 = ^-[a; M ] m , 

where || denotes the component parallel to [u;^] and the first equality is justified by the 
Lefschetz decomposition |GHl Ch 0.7]. So the vector ( 13. 2p can be written more simply as 

a := rVolM - ^^VolM. (3.3) 

[com] 

This is a vector in IR fc and, for each component, we are taking the part of Ci(P a ) parallel 
to [%] in the cohomology H 2 (M, K). So the first observation is the following. 

Lemma 3.1. A necessary condition for the existence of vortex solutions with non-trivial 
section <p is that: 

(CI) There exists a non-empty index subset I C {1, . . . ,n} such that vector (13. 3 j) can 6e 
written as a linear combination Yljei ^ Qj ^ n ^ ""^/i positive scalar coefficients Xj. 

In fact, if (A, 0) is a vortex solution, then the index subset 1$ — {j € {1, . . . , n} : J ^ 0} 
satisfies (CI). 

As described above, this is proved through a straightforward integration over M of the 
second vortex equation. Another important point is to understand whether gauge trans- 
formations act freely or not on the space of vortex solutions. This bears on the regularity 
properties of the quotient moduli space. Note that we have not proved yet existence of 
vortex solutions. Nevertheless, we can give a condition on the range of parameters a 
and Q°j that assures that any hypothetical vortex solution would have discrete stabilizer 
under gauge transformations. We will then proceed to prove existence of vortex solutions 
whenever the parameters lie in that favourable range. 
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Lemma 3.2. Let (A, 0) be a pair that satisfies the first and third vortex equations. If the 
weights {Qj : j G J^} span the full space M. k , then (A, 0) has a discrete stabilizer under 
the action of the group of complex gauge transformations. In particular, if 

(C2) For every index subset I in (CI) the weights {Qj : j G 1} span the full space M. k , 

then all vortex solutions have discrete stabilizer under (C*) k -gauge transformations. If in 
these assertions we demand that the weights generate the full lattice Z* k , instead of just 
M. k , then the stabilizers are trivial. 

Throughout this Section we will assume that conditions (CI) and (C2) of the lemma above 
are satisfied. The main existence result for general GLSM is the proposition stated below. 
Its proof makes crucial use of a type of Hitchin-Kobayashi correspondence obtained in 
|Ban} IMuj for vortex equations over compact Kahler manifolds. 

Proposition 3.3. Assume that (CI) and (C2) are true. Let (A, 0) be a pair satisfying 
the first and third vortex equations. Then a necessary and sufficient condition for the 
existence of a gauge transformation g : M — >■ (C*) k such that (g(A), g{4>)) solves the 
full vortex equations, is that the index subset 1$ = {j G {l,...,n} : J ^ 0} satisfies 
(CI). When this happens the transformation g is unique up to multiplication by T k -gauge 
transformations. All vortex solutions can be obtained in this way. 

Remark. Roughly speaking, the necessary and sufficient condition above says that not 
too many components of the section are allowed to be identically zero. If enough of 
these components are nonzero, then the condition is always satisfied (see Lemma IA.2I in 
the Appendix). Precisely which components of are allowed to vanish depends, of course, 
on the location of the vector (13.31) in the Lie algebra iM k . 

As mentioned before, for a general GLSM the vortex moduli space cannot be described as 
a space of divisors, in contrast to the case of line bundles studied in Section 2. However, 
in the particular case of a GLSM with n — k, such a description does exist. 

Proposition 3.4. Assume that n = k, that the weights Qj span M fc , and that the stability 
vector (13. 3p is in the interior of the positive cone generated by the weigths. For each index 
j = 1, . . . , n pick a divisor of analytic hypersurfaces Dj on the manifold M such that: 

(i) The homology class carried by each Dj is Poincare-dual to the Chern class c\(Lj) = 
E a Qj c i{ p ) m th e cohomology H 2 (M; Z). 

Then there is a solution (A, 0) of the vortex equations (13.11) . unique up to T k -gauge trans- 
formations, such that Dj coincides with the divisor of the zero set of J regarded as a 
section of Lj. Different choices of divisors provide gauge inequivalent solutions. All vor- 
tex solutions are obtained in this way. 

Proofs 

Proof of Lemma 13.21 Let 7^ := {j G {1, . . . , n} : J ^ 0} and assume that the set of 
weights {Qj : j G I<j,} spans the full M fc . We will show that the only infinitesimal gauge 
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transformation v : M — > iM. k that preserves (0i, . . . ,<j> n ) is the trivial one. This implies 
that the stabilizer of is discrete. Recall that infinitesimal gauge transformations act on 
sections of (BjLj as 



So the vanishing of dp v (<fi) implies that for every index j either cj>> = or the sum v a Q a j 
is identically zero. In particular the latter sum vanishes for all j G 1$. But (C2) says that 
the weights {Qj : j G 1^} span the full M. k , so necessarily v = 0, as desired. 

Suppose now that the weights {Qj : j G 1^} not only span R k , but also generate 
the lattice Z fc C M. k over the integers. Then the vector (1, 0, . . . , 0), for instance, can be 
written as a linear combination Y^jei^ & Qj f° r some integers bj. If a gauge transformation 
g : M — > (C*) k preserves the section 0, then we must have 



for all j G 1^. This implies that 



no*. 

a=l 



) 6JQ " = 9i 



Using a similar argument for all the other components of g, we see that g is the constant 
map to the identity in (C*) k . □ 

Proof of Proposition 13.31 The necessity part of the Proposition is clear: if the pair 
(g(A), g(4>)) solves the full vortex equations, integration over (M,um) of the second vor- 
tex equation shows that = 1$ satisfies condition (CI). To prove sufficiency we will 
use the Hitchin-Kobayashi correspondence of [Ban} IMu] . The first and third vortex equa- 
tions imply that each component J is a holomorphic section of Lj equipped with the 
holomorphic structure determined by the connection A. By assumption the index subset 
satisfies condition (CI), so using (C2) we see that the section (0 1; . . . , <j> n ) has discrete 
stabilizer under T fc -gauge transformations, just like in the proof of Lemma 13.11 Thus in 
the language of |Mu] our (A, <f)) is a simple pair. Now let \x : C n — > t k be the moment map 

i 



associated to the representation p. Since the representation is faithful, the image /i(C n ) is 
a k- dimensional cone inside the Lie algebra. In our setting the basic result of [Ban| IMu] 
can then be stated as follows. 

Given a simple pair (A,<f>), there exists a complex gauge transformation that takes it to a 
solution of the vortex equations iff 



>xeM L 



( V 

(v,AF A ) + 2e l \U(x),v) > for all v G iM. k \ {0} . (3.4) 

ml 
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When it exists, this transformation is unique up to composition with real gauge transfor- 
mations. 

Thus to prove sufficiency and uniqueness we only need to show that our pair (A, 0) satisfies 
(13.41) . In this expression (•, •) denotes the euclidean product in the Lie algebra t k = iM. h , 
and, calling 77^ : C n — > C n the gradient flow of (v, fi) : C n — > M., we define for any z G C": 

\{z,v) : = lim (v, fi)(rfi(z)) . 

t— >+oo 

Since the moment map \x is invariant by the representation p, so is A, and the composition 
\(4>(x), v) is well defined. The integral of the first term in H3.4[) is 



/ (v,AF A )^- = - 2mm (Vol M) 
Jm ml 



As for the the second term, start by noticing that for abelian hamiltonian actions the 
gradient flow of (v, p) is related to the exponential map of the complexified group action. 
In fact, 

Vt 0) = Pexp(ito) {z) ■ 
Using the explicit expressions for p and the moment map, it is easy to check that 



X(z,v) 



-00 if for some j we have (iQj, v ) < and ^ 
(ir,v)/2 otherwise. 



For every j G 1$ the section J is holomorphic and not identically zero, so it is nonzero 
almost everywhere on M. It follows that 

„ o , / , / s x w« I +00 if for some j G Is we have (iQj, v) < , 

2e X(<p{x),v) — - = < 
xeM m - I e (VolM) (it, v) otherwise. 

In the first case it is obvious that (13.41) is satisfied. In the second case, i.e. if for all j G Is 
the inner product (iQj,v) is non- negative, we only have to prove that 

(ie 2 a, v ) > . 

This follows from our assumptions: condition (CI) with I = Is implies that the in- 
ner product above is non-negative; condition (C2) guarantees that it is non-zero. This 
completes the proof of the sufficiency and uniqueness parts. Finally, since for any vor- 
tex solution (A, 0) the subset Is satisfies condition (CI) — a fact already discussed and 
proved by integrating the second vortex equation — we see that all vortex solutions can 
be obtained by this method of complex gauge transformations. □ 

Proof of Proposition 13.41 We start by showing that each valid choice of divisors Di, . . . , D n 
leads to a vortex solution. Firstly, condition (i) and standard results on line bundles [GHJ 
guarantee that each nonzero divisor Dj defines a holomorphic structure on Lj — > M and 
a holomorphic section J G T(Lj) such that Dj is the divisor of the zero set of J . For 
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each index j, let Bj be the Chern connection on the bundle Lj. Then the system of n 
equations and k variables 

B 3 = H^ A - fora11 -? 

a 

has a unique solution A, since by assumption n = k and the vectors Qj form a basis of 
R fc . Therefore the local 1-forms A\,...,A^ define a connection on the principal bundle 
P — > M. By construction we have that 

d A <P = (• . . ,83^ , ■ ■ - )i<j<k = 0, 

that 

and, since the Q/s form a basis of R fc , also that i 7 ^' 2 = 0. Thus the pair (A, 0) satisfies the 
first and third vortex equations. Moreover, the index set is the full {1, . . . , n}, so the 
stated assumptions on the stability vector (13. 3p imply that condition (CI) is satisfied. So 
we can apply Proposition 13.31 to obtain a complex gauge transformation g : M — >■ (C*) fe 
such that (g(A),g(<f>)) is a solution of the full vortex equations. Since complex gauge 
transformation do not change the divisor of the zero set of sections, we have obtained a 
full vortex solution with divisor Di, . . . , D n , as desired. 

The uniqueness part of the proof is standard. Let (A, 0) and (A', <p') be two vortex 
solutions such that for all j the sections J and 0'^ of Lj have the same zero set divisor 
Dj C M. Then the quotients gj = (0 / )- 7 j<\P are nowhere vanishing sections of the trivial 
bundle over M, and so define a complex gauge transformation g : M — > (C*) fc . It is clear 
that g{(p) = cf)' and that, locally, 

d(j>' + Q a A' a ct>' = B AI( j>' = = gld^] = d g{A) g{(j>) = d<P' + Q a g(A a ) 0' . 

This implies that ^2 a Q® A' a = ^2 a Q^ g(A a ) for all j. Since the vectors Qj form a basis 
of R k , we conclude that A' = g(A). This means that the solutions (A, <fr) and (A', <ft') are 
related by a complex gauge transformation. The uniqueness part in Proposition 13.31 then 
guarantees that g actually has values on the real torus T k . 

To see that all vortex solutions are obtained in this way, just observe that if (A, <fi) is 
a vortex solution, we can take the divisors Dj to be those defined by the zero set of 4> 3 ' . 
Then the homology class of Dj is Poincare-dual to c\(Lj) and, by the uniqueness proved 
above, the solution associated to these divisors by the existence part of the Proposition 
will be T fc -gauge equivalent to (A, <fi). Finally, different choices of divisors provide gauge 
inequivalent solutions because gauge transformations do not change the divisor of the zero 
set of sections. □ 
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3.2 Case of simply connected manifolds 

Assume that the compact Kahler manifold M is also simply connected. Then line bun- 
dles over M have unique holomorphic structures, as in Section 2.1. The space V of all 
holomorphic sections of (BjLj splits direct sum 

n n 

V = 0F°(M,L,) ~ 0C r( ^ . (3.5) 
i=i j=i 

If we let the complex torus (C*) fc act on each subspace C r ( L ^ by multiplication with 
weights Qj G Z fc , we get a global torus action on V. Call V^ s the invariant subset of V 
defined by the sections such that vector (I3.3P can be written as a linear combination 
X^e/ ^ with positive coefficients, where 1$ = {j G {1, . . . , n} : J ^ 0}. With these 
definitions we can state the main result of this section. 

Proposition 3.5. Let M be a compact and simply connected Kahler manifold. Suppose 
that conditions (CI) and (C2) of Section 3.1 are satisfied. Then the moduli space of vortex 
solutions is isomorphic to the complex quotient 

M ~ V ss /(C*) k . (3.6) 

Remark. This result implies that Ai is a toric orbifold. If condition (C2) is substituted 
by the stronger assumption that the weights {Qj : j G /} generate the integer lattice Z fc 
in M. k , then the (C*) fc -quotient will be smooth and Ai will be a toric manifold. 

Remark. If not empty, the moduli space Ai has complex dimension dim\^ — k. In fact, 
it is a consequence of Lemma [A.2I that V ss , if not empty, is an open dense subset of V. 
In this case we also know that the action of (C*) fc on V ss has at most discrete stabilizers, 
as in the proof of Proposition 13.21 Therefore the dimension of the quotient is dim V — k. 
Note that this is true only if (CI) and (C2) are satisfied. 

Remark. Consider the vector c G l fc defined in (I3.3P and choose global complex coordi- 
nates {wi ,lj } on the vector space V. The map V — > iM. k defined by 

n r(Lj) 
3=1 lj=l 

is a moment map for the T fc -action on V equipped with the euclidean metric. Then the 
moduli space Ai is diffeomorphic to the symplectic quotient v~ 1 (0)/T k . Observe how the 
stability vector a determines the level of the symplectic quotient. 

Proof. The hardest part of the proof is encapsuled in Proposition 13.31 above. It is a con- 
sequence of this result that all vortex solutions can be obtained as (C*) fe -gauge transfor- 
mations of pairs (A, <fi) that satisfy the first and third vortex equation and the additional 
condition: 

(1) The vector (13. 3p can be written as a linear combination of weights X^e/ ^ Qj with 
positive scalar coefficients for the index subset 1$ — {j G {1, . . . , n) : J ^0}. 
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As usual, the solutions of the first and third vortex equations are in one-to-one corre- 
spondence, up to isomorphism, with holomorphic sections of the bundle @ 3 Lj equipped 
with its unique holomorphic structure. So we are looking for the holomorphic sections in 
V = ©■ ? if°(M, Lj) that satisfy (1), and these define a subset V ss of V. From the proof of 
Lemma [3.1[ we know that all the points in V ss have discrete stabilizer under the (en- 
action on V. Finally, since the action of (C*) k on V determined by p corresponds to a 
(constant) gauge transformation of the sections ((f) 1 , . . . , n ), to obtain the moduli space 
M. one must quotient V ss by this torus action. □ 

The representation of the vortex moduli space as a toric quotient allows us to define 
a natural set of cohomology classes in H 2 (A4; Z). In fact, observing that V ss — > M. is a 
principal (C*) fc -bundle, we can consider the associated line bundle H a = V ss X(c*)« C — > 
Ai, where the notation means that (C*) fc acts on C by simple multiplication of the a-th 
C*-factor inside (C*) fc . We then define 

r] a := Cl (H a ) in H 2 (M;Z) for a = l,...,k. (3.8) 

These cohomology classes are standard in toric geometry and are known to generate the 
cohomology ring of the toric quotient A4. 

Universal bundle 

Abelian GLSM deal with connections on a principal bundle P — > M with gauge group 
T k . If we regard the moduli space M. as the quotient V/Q of the space of vortex solutions 
by the group of gauge transformations Q = Map(M — > T k ), then the quotient 

U:=(Px V)/G — > M x M 

is also a T fc -bundle. It is called the universal bundle. The decomposition P = x* =1 P a as 
a product of circle bundles induces a similar decomposition U = x k a=x U a . 

In this paragraph we will describe the topology of the universal bundle U, which 
is determined by the Chern classes Ci(U a ). We assume that conditions (CI) and (C2) 
of Section 3.1 are true, so that the moduli space M. is described by Proposition 13.51 
Moreover, we assume that in condition (C2) the weights generate the lattice Z fc , instead 
of just spanning IR fe , so that M. is a smooth manifold. 

Lemma 3.6. Denote by p\ and P2 the projections from the product MxM onto the 
first and second factor, respectively. Then the first Chern classes of the universal circle 
bundles are 

Cl {U a ) = p\ Cl {P a ) + p* 2Va 
in the cohomology H 2 (M x where the classes r] a were defined in f 1 3 . 8 j) . 

Proof. Both M and the moduli space Ai are simply connected, so the first Chern class 
of U a is necessarily of the form 

ci(W a ) = Pi7m + P* 2 lM 
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for some classes jm in H 2 (M, Z) and jm in H 2 (Ai, Z). The class 7a/ coincides with the 
first Chern class of the restriction of the bundle U a to M x {point}. Choosing a particular 
vortex solution (A, <ft), we have that 

U a \ M * { [AM} = {P a x[(A,<p)-G])/G ^ P a , 

where the last isomorphism follows from the fact that the (/-action on the space of vortex 
solutions is free (cf. Lemma I3T2]) . Thus = ci(P a ). Similarly, the class jm coincides 
with the first Chern class of the restriction of the bundle U a to {p} x Ai, where p is any 
point in M. To prove that this is just r] a , we will use an argument similar to the one in 
[Ba4j. Start by considering the subgroup of gauge transformations 

G p := : £ ^ T fc such that g(p) = (1, . . . , 1) } . 

It is clear that Q splits as Q p xT k . Denoting by P p the fibre of the principal bundle above 
the point p, we then have that 

u a Imxw = (Vxp p )/g = [(v x p p yg p ] / r k (3.9) 
= i(v/g p ) x p p \ 1 r k ~ v/g p , 

where in the last step we have used that the T fc -action on the fibre P p is free and transitive. 
So we conclude that the restriction of U a to M. x {p} is isomorphic to the T fc -bundle 
V/g p — > Ai. Consider now the space of pairs that satisfy the first and third vortex 
equations: 

B = {(A,(f>): 3 A <j) = Q and F°' 2 = 0} . 

Define a gauge invariant subset B* C B by only taking the pairs (A, <fi) such that the 
stability vector a is in the positive cone generated by {Qj : j G 1$}. Observe firstly 
that by Lemma 13.21 the group g c of complex gauge transformations acts freely on B*. 
Secondly, Lemma [3.11 says that all vortex solutions are in this subset, which implies that 
g c ■ V C B*. Finally, Proposition 13.31 guarantees that B* C g c ■ V, and hence that 

B* = g c - V . (3.10) 

It follows that the vortex moduli space M. = V/G = B*/G c can be identified with a 
complex quotient. Moreover 

B*/G c p = [{G C IG C P ) -V]/G P = i(C*) k -V]/G p 

as a principal (C*) fc -bundle over the moduli space. But the complex quotient B/G p is 
just the space of holomorphic sections of ®jLj up to isomorphism, or in other words it 
is the vector space V of (13. 5p . The subset B*/G p only contains the holomorphic sections 
such that the stability vector a is in the positive cone generated by {Qj : j G J^}, or in 
other words it is the subset V ss defined below (13. 5p . This means that the associated line 
bundles H a — > M. defined above (13. 8 p are just 

H a := 7 88 x (c .).C = l(C*) k -V}/G P x (c *)a C ~ V/G P x (t , (1)) «, C . 

Finally, using the isomorphism established in the first part of the proof, we conclude that 

Ha — U |{ p }xA4 x c/(i) a C , 

and hence that ci(H a ) = ci(U a \ { p }xm) — 1M- D 
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3.3 Case of abelian varieties 

As in the case of simply connected manifolds, the easiest way to describe the vortex 
moduli space when M is an abelian variety is to make use of Proposition 13.31 This result 
says that the moduli space M. is isomorphic to the complex moduli space of pairs (A, 0) 
satisfying the first and third vortex equations and the additional condition: 

(1) The vector (13. 3 j) can be written as a linear combination of weights ^ Qj 

positive scalar coefficients for the index subset 1$ = {j E {1, . . . , n} : <f>> ' ^ 0}. 

Here A is a connection on the fc-torus bundle P — > M and is a section of the associated 
bundle &- =x Lj described in Section 3.1. Now, a pair (A, 0) satisfies the first and third vor- 
tex equations iff A defines a holomorphic structure on P and the section is holomorphic 
with respect to the induced holomorphic structure on ©™ =1 Lj. The set of holomorphic 
structures on P is (non-canonically) isomorphic to the fc-fold cartesian product x k Pic°M. 
Identifying the set of holomorphic structures on each associated line bundle Lj = P x p . C 
with Pic°M, the group multiplication 

k 

m Pj : x fc Pic°M — ► Pic°M (<7i, • • • , <fc) ^ 

a=l 

corresponds to the operation of inducing a holomorphic structure from P to Lj. This 
is true because the tensor product of line bundles corresponds to multiplication on the 
Picard group. Thus for a given choice g — (gx, . . . , g^) of holomorphic structure on P, we 
are looking for sections of Lj with holomorphic structure m Pj (g), and from the discussion 
of Section 2.2 these define a vector space isomorphic to (Lj)m Pj (g), the fibre of the Fourier- 

Mukai transform Lj — > Pic°M above the point m Pj (g). Letting the point g E x fe Pic°M 
vary, we conclude that the space of pairs "holomorphic structure on P plus holomorphic 
section of ©™ =1 Lj" is isomorphic to the total space of the vector bundle 

V := m* Pj Lj — ► x fc Pic°M. (3.11) 

As in the case of simply connected manifolds, some of the points of V still represent 
holomorphic sections related to each other by constant (C*) fc -gauge transformations. In 
fact, the action pj of (C*) fc on the components <pj of a section translates into scalar 
multiplication with weight Qj E 1^ on the fibres of each summand m* p . Lj of the bundle. 
This defines a global action of (C*) k on the total space of the vector bundle V. The 
orbits of this action consist of pairs related by constant gauge transformations, and hence 
must be identified with a single point in the moduli space. So we must quotient V by the 
(C*) fc -action. Finally, Proposition 13.31 says that we should not quotient the whole V but 
only the invariant subset V ss defined by the holomorphic sections that satisfy condition 
(1) above. We are thus lead to the following result. 

Proposition 3.7. Let M be an abelian variety and suppose that conditions (CI) and (C2) 
of Section 3. 1 are true. Then the moduli space of vortex solutions is isomorphic to the 
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complex quotient 

M ~ V ss /(C*) k . (3.12) 

In particular there is a natural bundle Ai — > x k Pic°M whose typical fibre is a toric 
orbifold. 

Remark. As in the case of simply connected M, if condition (C2) is substituted by the 
stronger assumption that the weights {Qj : j e /} generate the integer lattice Z fc in M. k , 
then the (C*) fe -quotient above will be a smooth manifold. Also, note in passing that if 
all bundles Lj do not have any non-zero holomorphic sections, then condition (1) above 
is never satisfied and V ss = Ai = 0. 

Remark. As mentioned above, the fibres of the the Fourier-Mukai transform Lj are 
isomorphic to a space of sections of Lj = Px ft C. So a choice of hermitian metric on 
Lj will induce a L 2 hermitian metric on Lj. Doing this for every j we get a hermitian 
metric on the vector bundle V. Using this metric it is possible to consider the moment 
map v : V — > M. k defined by a formula analogous to ( 13. 7ft . and hence represent Ai as a 
symplectic quotient z/ -1 (0)/T fe . 

The representation of the vortex moduli space as a toric quotient allows us to define 
a natural set of cohomology classes in if 2 (Ai ; Z) . Just as in the case of simply connected 
M, described at the end of Section 3.2, we can consider the associated line bundles 
H a = V ss X(c*)<> C — > Ai and define 

r] a := Cl (H a ) in H 2 (M;Z) for a = 1, . . . , k. (3.13) 

These cohomology classes generate the cohomology ring of the fibres of Ai — > x k Pic°M. 
By the Leray-Hirsch theorem, the cohomology ring of Ai is generated by the ?7 a 's and the 
pullbacks of classes on the base x k Pic°M of the bundle. 

Universal bundle 

In this paragraph we compute the Chern classes of the universal bundle U — > M x Ai 
in the case where M is an abelian variety. The notation and assumptions are the same 
as in the case of simply connected M (see the paragraph of Lemma [3 . 6 1) . 

Lemma 3.8. Denote by p\ and pi the projection from the product MxM onto the first 
and second factor, respectively. Then the first Chern classes of the universal circle bundles 
are 

Cl (U a ) = p\ Cl {P a ) + p*7fo + (idxproj a )* Cl (P) 
in the cohomology H 2 (M x A4,Z), where the classes r] a were defined in (13. 13j) . 

Proof. In this proof we will denote by the same symbol both U a — > M x Ai and the 
associated complex line bundle over the same base; the same applies to the circle bundle 
P a — > M. As was seen above, there are k projections 

proj a : M — > x fc Pic°M — > Pic°M , 
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where the last arrow is the a-th projection from the cartesian product. In terms of 
vortex solutions, proj a takes an equivalence class [A, 0] to the holomorphic structure on 
P a determined by the a-th component of the integrable T fc -connection A, which we will 
denote by (P°)a- Taking the tensor product (P a )A <8> (-P a )~\ where P a denotes a fixed 
holomorphic structure P a , we get and element of Pic°M, as desired. 

In terms of vortex solutions, the natural holomorphic structure on the line bundle 
U a can be described in the following way. The proof of Lemma 13.61 says that U a can be 
regarded complex quotient 

U a := {P a x V)/G = {P a x s*)/g c . 

The space P a x B* has a natural complex structure determined by the one on B* and by 
the rule that, on the tangent space T p P a QT^a^B* at a given point, the complex structure 
on the first summand is the one of the holomorphic bundle (P a )A- This complex structure 
is preserved by complex gauge transformations, and hence induces the complex structure 
on the quotient lA a . Now, an argument just like in the proof of Lemma [3.61 says that the 
restriction of U a to a submanifold of the form M x { [A, 0] } is 

u a \ Mx{[AM = ({P a ) A x [(A,4>)-G c })/g c * (P a )A. 

In particular the restriction of U a (g) p*(.P a ) _:L to the same submanifold has trivial first 
Chern class. The universality property of the Poincare bundle V — y M x Pic°M then 
guarantees that the existence of a unique holomorphic map f a : M — y Pic°M such that 
the bundle W a ®p5;(P a ) _1 is isomorphic to (id x f a )*V <8> p^J^a, where M a is a circle bundle 
over A4. Moreover, the map f a is determined by 

f a ([A,cf>}) := U a ®pl{P a )- 1 \mx{[M]} = ( pa )A ® (PT 1 = proj a ([A,0]) . 

So we have that 

Cl (W) - p\ Cl {P a ) = (idxproj a )* Cl (P) + plc x {M a ). 

The normalization of V is such that its restriction to the subset {0} x Pic°M is trivial, 
so the line bundle M a coincides with the restriction of U a to the submanifold {0} x M.. 
An argument similar to one in the proof of Lemma 13.61 then says that this last restriction 
is isomorphic to the complex line bundle H a — y M.. This justifies the formula for 
c x {U a ). □ 

4 Kahler class and volume of the L 2 -metric 

4.1 Line bundles over simply connected manifolds 

In Section 2 we have seen that the moduli space M. of abelian vortices on a positive line 
bundle L — y M is a projective space whenever the base manifold is simply connected. 
Since the cohomology ring of projective spaces is very simple, in this instance it is easy 
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to calculate the volume of Ai once we know the Kahler class of the L 2 -metric (II. 7h . This 
class can be computed using a formula of Perutz [Pe] , as generalized in |BSI IBa4] , that 
expresses the Kahler form on Ai in terms of the curvature F4 of the universal connection 
on the universal line bundle £ — > Ai x M. The formula says that the Kahler form ujm 
of the L 2 -metric is given by the fibre integral 

f IT 1 

UM = / ^Tl F ^ AuJ M + TT, ttt^A^A^- 1 . (4.1) 

J M 2m\ 4e z (m — 1)! 

(In passing, we note the remarkable similarity between the integral above and the integral 
in (II. 6p . a similarity for which the author cannot offer a good explanation.) Taking the 
cohomology class on both sides of the equation, we get that 

M = j M ^ Cl (£) A [u M ] m - e2( 1} , c x {C) A Cl (£) A [u M ] m - 1 (4.2) 

in H 2 (Ai, Z). But we know what the Chern class C\{£) is in the case of simply connected 
manifolds: it is given by Lemma 13.61 Using that formula, the fact that u^/ml is the 
volume form on M, and the fact that, by Lefschetz's decomposition, 

Cl (L) A [umT- 1 = C!(L)" A [cum]™- 1 , 

the fibre integration in (14.21) can be performed to yield 

[CU M ] = 7T<7 Ci(H) , (4.3) 

where a is the stability parameter ( 12.1 ft and H — > M. is the hyperplane bundle over 
projective space. Observe how a effectively parametrizes the Kahler class of the L 2 -metric 
on the moduli space. So we get: 

Proposition 4.1. Let L — > M be a positive line bundle over a m- dimensional, simply 
connected, compact Kahler manifold. If condition (12. ip is satisfied, the volume of the 
L 2 -metric on the vortex moduli space is 

Vol (M, uj m ) = ) \ , 
(r — 1 J ! 

where a is the positive number (12. ip and r is the complex dimension of H°(M,L). The 
total scalar curvature of the moduli space is 

, s M vol^ = r 2 ' r(r -,l, (VolA^-^-'> . (4.4) 
M [(r - 1)!J n ' 

Proof. Since we already know the Kahler class on the moduli space M. ~ CP r ^ _1 , the 
total volume of (J\A,um) follows directly from the standard formula 



VolM = 1 / [uj m ] 
[dim M)\ J M 



dim M 



Similarly, the total scalar curvature follows from the equally standard formula 

s(cj m ) ™\ M = / Cl (M) A [cum]^- 1 , 

M (dim At - 1)! J M 

and the observation that for projective space C\{M) = (dim M. + 1) • C\{H). □ 
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Observations 

(1) When M is Riemann surface the volume and total scalar curvature of the vortex 
moduli space were computed in [MNl IBa4) . 



(2) When M is a compact and simply connected Kahler manifold with H 2 (M; Z) ~ Z, 
it is possible to express the parameter a, and hence Vol.M, solely in terms of VolM, 
with no explicit reference to the Kahler class [%]. Using the notation of Example (2) in 
Section 2.2, we can write 

ci{Lf = d(L) d 

M (t^mlVolM) 17 " 1 ' 

where d is the degree of L, m is the complex dimension of M, and tu is the positive 
topological number defined by 

tu := / Cx(E) m . 

J M 

Observe that when M is a projective space, the number tM is equal to 1. When M is the 
complex Grassmannian, the generator E of the Picard group is the pullback by a Pliicker 
embedding Gr(n, k) — > CP r of the hyperplane bundle over projective space. It is then 
easy to check that the topological number t M coincides the degree of the Grassmannian 
as a projective variety in CP r , which is known to be [HP, XIV.7] 

k 

= (%-*))'n ( Ji;-_ 1)r 

j=l v > 



(3) Let M be the Hirzebruch surface F k = ¥(0(-k) © C). We will use the notation of 
Example (3) of Section 2.2. Consider the line bundle L a ^ — > whose first Chern class 
is a[C] + b[F] and write the Kahler class of the surface as [ojm] = A[F] +5[C]. Then, using 
the standard intersection numbers of the divisors [C] and [F] (see ch.V.2 of [HarJ), we get 
that VolM = 5 (2A - kS) /2 and that 



Cl(£q,b 

[wm] 



VolM = - (a\ + b5{l-k) 



4.2 Line bundles over abelian varieties 



When M is an abelian variety, the moduli space M. is a projective bundle over the dual 
variety M = Pic°M, as was seen in Section 2.2. The Kahler class [ujm] of the L 2 -metric 
on the moduli space is given by formula (14.21) . just as in the case of simply connected 
manifolds. The only difference is that the first Chern class Ci(£) of the universal bundle 
is now given by Lemma 12. 71 Using this lemma, it is relatively straightforward to perform 
the fibre integral in (14. 2[) and hence obtain a formula for [ujm\. 
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Proposition 4.2. Let L — > M be a positive line bundle over an m- dimensional abelian 
variety. If condition ( 12.1 ft is satisfied, the Kahler class of the L 2 -metric on the vortex 
moduli space is 

W = ™c m - ^Proj^(^^y) , (4.5) 

where a is the stability parameter defined in (12 ,ip . H — > M. is the hyperplane bundle 
in (J2JI, proj is the natural projection M — > M, and 7 : H 2m ~ 2 (M;R) — > H 2 (M;R) 
denotes the cohomological Fourier-Mukai transform. 

Proof. We use expression (14 ,2p for the Kahler class [ojm] an d the formula 

ci(£) = ptd(L) + p* 2 7] + (id x proj)* Cl (P) 

given in Lemma 12 .71 Start by observing that the first two terms in this formula coincide 
with the expression for Ci(C) in the case of simply connected manifolds. In particular 
when we substitute these two terms into (14.21) and perform the fibre integration we will 
obtain the result rr a ci(H), just as in the case of simply connected manifolds (cf. formula 
(14.31) ). When we substitute the last term of Ci(£) into the right hand side of (14. 2p we get 
the additional term 

r 2 r , \, ,m— 1] s o^2 r \, ,m— li 

J M J 



\ \ (idxproj)*(c 1 (P)Ac 1 (P)A 7 ^-i-) = -^proj*/ ch(P) A ^ 
e J M \ im — in / e J M (^m 



(m - 1)! 

This term coincides with the last term in (14. 5p . by definition of J 7 . □ 

Remark. When [%] is an integral class we can write % = c i(B) for some line bundle 
B — > M. Then 

,(m - 1)!. 

where the vector bundle S — )■ M is the Fourier-Mukai transform of B. 

Remark. The dual variety M = Pic°M coincides with the moduli space of integrable 
[/(l)-connections on M with zero mean curvature, i.e. connections that satisfy AFa = 
= F^ 2 - This moduli space has a natural L 2 -metric defined by the first term in (11.71) . 
i.e. by 

\\A\\ 2 = [ -At kab Al A *m A% 

Then the last term in (14.51) . before pulling back by proj*, is exactly the Kahler class of 
this L 2 -metric on the moduli space M of connections. 

Now that we know the Kahler class on the moduli space, the next task is to compute the 
total volume of (M,um)- Recall in the case of abelian varieties the moduli space is a 
projective bundle proj : Ai = R{L) — > M. Therefore the integral of the volume form 
can be performed in two steps: first integrate over the projective fibres and then integrate 
over the base M. That is 



Vol.M 



M (m + r-l)\ Jm (m + r-1)! 
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Since M. is the projectivization P(L), the fibre- integration proj* : H*(A4, R) — )■ H*~ r+1 (M, 
can be conveniently expressed in terms of the Segre class of L. This class is defined as 
the inverse of the total Chern class by the formal expansion of 

i 1 

s(L) 



c(L) 1 + Cl (L) + c 2 (L) + ■ ■ ■ 
As explained for instance in [BDW] , it has the useful property that 

proj* (ci(H) 1 ) = s ; _ r+ i(L) , 

where H — > M. is the hyperplane bundle and we are using the convention that Sj(L) is 
zero for negative j. It is then straightforward to compute that 

vol{M , UM) = t ^'r l( ^fT i «.<*> a ^(M^r ■ <«> 

^ (l + r - 1)! (m - /)! Jm V(m-l)!/ 

To carry out the integration over the dual variety M one needs an explicit expression 
for the Segre class and for the Fourier-Mukai transform. The former can in principle be 
obtained by expanding the expression for c(L) given in Lemma I2.6[ although computa- 
tionally this is non-trivial. The latter depends of course on the particular Kahler form 
bJu that we take on M. Here we will not perform the integration over M in the general 
case. We will do it only for abelian varieties of complex dimension one and two. 



Examples 

(1) When M has complex dimension one, i.e when it is an elliptic curve, the natural 
identification iJ 2 (M;R) = R leads to the formulae ci(L)" = c\(L) = degL and [com] = 
VolM. Moreover, the Fourier-Mukai transform of 1 is just —9, where 9 stands for the 
positive generator of H 2 (M,7*). Hence our formula for the Kahler class coincides with 
the one given in |MN[ IPej . 



(2) Let M have complex dimension m — 2. Using the notation of Section 2.3, we can 
choose a set {dx fc } of generators of if 1 (M, Z) such that 



,.»'+- 



ci(L) = Si^Adx™* 1 + 5 2 dx 2 Adx r 
for some positive integers 8^. If we choose a Kahler form on M of the form 



uo M = Aida^Adx"^ 1 + A 2 da; 2 Adx m+2 



where the A^'s are positive real numbers, then 

VolM = AiA 2 , ^^VolM = l(8i\ 2 + S 2 \i) . 

[co M \ 2 
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The formulae of Lemma 12.61 can be applied to obtain 

s(L) =1=1- Cl (L) + Cl {Lf , 

c(L) 2r 

where the first Chern class of the Fourier- Mukai transform L — > M is 
C\ (L) = — 5 2 dx* x A dx* m+1 — 5i dx 2 A dx* m+2 . 

In this expression the clod's are the generators of if 1 (M,Z) dual to the dx k, s. Similarly, 
the cohomological Fourier-Mukai transform of the Kahler class of M is 

^(M) = — A 2 dx\ A dx* m+1 - Ai dx* 2 A dx* m+2 . 

The volume of the vortex moduli space can then be explicitly computed through (14.61) . 
The result is 

r 4tt 2 r 
Vol (M,u M ) = Ti (Vol M) r + 

where r = r(L) = 6162 and a is the parameter ( 12. ip . 



e 4 cr J r! 



4.3 Abelian GLSM 

The Kahler class 

In this section we will compute the Kahler class of the metric on the moduli space for 
general abelian gauged linear sigma-models. This will be done both when M is simply 
connected and when it is an abelian variety. The essential ingredient is the abstract 
formula of Perutz for the Kahler form ujm-, ot , more precisely, its generalization to gauged 
sigma-models and higher dimensional manifolds [Ba4j. This formula presents um as the 
fibre integral 



where F4 is the curvature on the universal bundle U — > M x Ai. Since this is a 
principal T fe -bundle, the curvature is a 2- form on the base with values in iE^ . Taking the 
cohomology class we then have 



[um\ 



» K 9 

/ E Cl{W) A u ™i - Tr - n. c ^ A c ^ A u m~ 1 ■ (4.? 
hi ^ m - e ( m ~ !) ! 



When M is simply connected the vortex moduli space is the toric manifold given by 
Proposition 13.51 We will assume that Ai is smooth, i.e. in condition (C2) of Section 3.1 
we will assume that the weights generate the lattice Z fc C M fc . Then the Chern classes 
c\(U a ) are given explicitly by Lemma [3.61 It is now straightforward to perform the fibre 
integration and obtain: 
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Proposition 4.3. Let M a compact and simply connected Kahler manifold. The Kahler 
class of the L 2 -metric on the vortex moduli space (13.61) is 

k 

M = ^vra^, (4.9) 

a=l 

where a is the stability vector (13.31) and the classes rj a 6 H 2 (A4, Z) were defined in (13 .81) . 

When the manifold M is an abelian variety, the moduli space M. is the toric fibration 
over Pic°(M) described in Proposition 13.71 The Chern classes Ci(U a ) are in this case 
given by Lemma 13.81 The fibre integration over M can be performed in a way completely 
analogous to the case of vortices on line bundles (cf. proof of (14. 5p ) to yield: 

Proposition 4.4. Let M be an abelian variety. The Kahler class of the L 2 -metric on the 
vortex moduli space ( I3.12p is 

a=l ' 

where a is the stability vector ( 13. 31) the classes r] a G H 2 (Ai, Z) were defined in ( 13.131) and 
T is the cohomological Fourier- Mukai transform J 7 : H 2m ~ 2 (M;M.) — > H 2 (M;M.) . 

Volumes of moduli spaces 

The volume of (A4,cum) can in principle be computed using our knowledge of the Kahler 
class [um] an d of the cohomology ring H*(Ai,7*). For a general abelian GLSM, however, 
the intersection calculations in the cohomology ring are algebraically evolved, since the 
moduli space AA may be a complicated toric manifold or, in the case of abelian varieties, 
may be an even more complicated toric fibration over the Picard group Pic°(M). So it is 
difficult to present a clean and general formula for the volume or total scalar curvature 
of the moduli space. In this paragraph we will carry out the computations only for the 
simplest examples. These will be GLSM with group U(l) and n sections <f>\,..., n , where 
£7(1) acts with weight 1. As we will recall in Section 5, these models are closely related 
to holomorphic maps M — > CP" -1 . We will perform the calculations in the case where 
M is simply connected or when it is an abelian variety of complex dimension 2. 

(1) Suppose that P — > M is a [/(l)-principal bundle over a simply connected manifold. 
Using the notation of Section 3, we will consider the associated GLSM with integral 
weights Qi = ■ ■ ■ = Q n = 1- In this case the line bundles Li, . . . , L n are all isomorphic, 
so the (j)j's can be regarded as sections the same line bundle, which we call simply L. 
Proposition 13.61 says that for this model the vortex moduli space is the projective space 

Proposition 14.31 says that the Kahler class is [u>m] = tt o~i], where rj is the standard positive 
generator of the cohomology ring of projective space. Thus we have 

Vo\(M,u M ) = 1 . (4.10) 
[nr — 
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The total scalar curvature of (Ai, ojm) is still given by formula (I4.4p . A few explict values 
of r(L) for explict manifolds M are given in the examples of Section 2.2. 

(2) Consider the same GLSM as above, but now over an abelian variety M of complex 
dimension 2, as is Example (2) of Section 4.2. The moduli space Ai is in this case a 
projective bundle over the dual variety M with fibre CP nr ( L ) -1 . Computations similar 
to those of Section 4.2 then lead to 



Vol (M,u M ) = vr(VolM) 



4ir 2 nr 

t + 



e 4 a 



(nr)\ 



4.4 Abelian GLSM with polynomial constraints 

In this paragraph we make a short digression to consider GLSM with polynomial con- 
straints. These models are relevant to the study of holomorphic maps from M to projective 
varieties |MP] . Take the simple case of the gauged linear sigma-model with group U(l) 
and weights Q\ = ■ ■ ■ = Q\ = 1. Then all the complex line bundles Lj are isomorphic to 
a given L — > M. The variables in the vortex equation are a connection A and n sections 
1 , . . . , <j) n of this bundle. Now let S(z 1 , . . . , z n ) be a complex homogeneous polynomial 
of degree I. It makes sense to write the equation 

S(<j>\...,<f> n ) = (4.11) 

in the space of sections of the bundle ® l L. We can thus look for vortex solutions of the 
model that satisfy the additional constraint (14. lip . This will define a subspace Ai s of the 
moduli space Ai. 

When L is positive and Pic(M) ~ Z and the stability condition (12.1 ft is satisfied, 
Proposition 13.51 states that the vortex moduli space for this GLSM is the projective 
space Ai ~ C'P nr ( L )~ 1 . It is clear that Ai s will then be a projective variety inside 
Ai. In fact, choosing a basis of the r(L)-dimensional space H°(M,L) and a basis of 
the r(® z L)-dimensional space H°(M, ® l L), the vector- valued polynomial equation (14. lip 
can be rewritten as a set of r(®'L) complex- valued homogeneous polynomial equations 
of degree I. The variables of these equations are the components of the sections J with 
respect to the chosen basis of H°(M, L), which are precisely the homogeneous coordinates 
on the projective space Ai. In general the projective variety Ai s C CP nr ^~ 1 may not 
be smooth. All depends on the polynomial S and on the values r(L). For a generic choice 
of S, however, the constrained moduli space Ai s C Ai is indeed a smooth projective 
variety of complex dimension nr(L) — 1 — r(® l L). The Poincare-dual of the homology 
class [Ai s ] is 

PB([M S ]) = (lT]) r ^' L) e H 2r ^ lL \M,Z) , 

where rj is the standard positive generator of the cohomology of projective space. It 
follows that the volume of the submanifold Ai s equipped with the metric induced by the 
L 2 -metric on the moduli space Ai is 



1 r ( \ dim M s ]r(® l L) 
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5 Holomorphic maps to toric manifolds 



5.1 Vortices and maps to projective space 

Let M be a compact Kahler manifold and let % denote the (generally non-compact) space 
of holomorphic maps / : M — > CP™ -1 . Here we will describe a natural embedding of H 
into a compact vortex moduli space. The necessary ingredients are the Hitchin-Kobayashi 
correspondence of Section 3.1 and a standard construction in complex algebraic geometry. 
Everything here is well known, at least when M is a Riemann surface [BDWJ. This 
exposition is a preamble to Section 5.2, where we study the space of maps M — > X to 
more general toric targets. Nevertheless, the basic ideas already appear and are easier 
to grasp when the target is CP n_1 . In the final Section 5.3 we make natural conjectures 
about the relation between the L 2 -metrics on "H and on Ai. 

There is a well known construction |GHj that identifies the space of maps H with a 
subset of the space Ai of possible choices of "a holomorphic line bundle L — > M plus n 
holomorphic sections, up to common rescaling of the sections". In fact, it is easy to see 
that such data (L, <f>i, . . . , 4> n ) determine a holomorphic map f(L,4>) by the simple definition 

/ (Li *) : M — ► CP"" 1 (5.1) 
x ' — ► [<Pi(x), . . . ,<p n (x)] , 

where we are using homogeneous coordinates on the projective space. The map f(L,<t>) is 
globally well defined if and only if the sections <pi, . . . , <p n do not vanish simultaneously 
at any point x G M. In this case f(L,<j>) is clearly holomorphic, for the sections <pj are all 
holomorphic. If we denote by H — > CP™ -1 the hyperplane bundle, one can also show 
that 

r {L ^ )Cl {H) = Cl (L) (5.2) 

in H 2 (M, Z). So the correspondence between holomorphic maps and systems of sections 
of line bundles preserves topological sectors. Now denote by X C Ai the (generally 
non-compact) subset defined be the condition that the sections 0i, . . . , cj) n do not vanish 
simultaneously anywhere on M. So far we have described a map X — > H. We will now 
describe the inverse H — > I. This implies that the correspondence H Ai is an injection 
with image X. The inverse acts as follows: given a map / G %, just define L := f*H 
and take the n holomorphic sections to be <f>j := f*Sj, where s\, . . . , s n are the elements 
of the standard basis of H°(C¥ n ; H) provided by the n homogeneous coordinates on 
projective space. This correspondence has values in X C Ai and clearly is the inverse of 
the correspondence ( 15. ip . 

Having described the map % ^ Ai, it is natural to ask whether H embeds as an 
open and dense subset of Ai. The answer is that this need not be the case. In fact, 
it is clear that (L, <f>i, . . . , <f> n ) belongs to the subset X C Ai precisely if the intersection 
D\ n • • • D D n of the associated zero-set divisors is empty. When M is Riemann surface, 
this is generically true, since different divisors of points do not in general intersect. For 
higher- dimensional M, however, the divisors have support along hypersurfaces, and the 
generic intersection may not be empty. For instance, when M is a projective space, we 
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know that the codimension of the intersection of generic projective varieties is the sum 
of the codimensions of the varieties. This implies that for a generic choice of divisors the 
intersection D\ D • • • C\D n is empty if and only if n > dime M. So the space of holomorphic 
maps CP m — > CP™ -1 of positive degree embeds as an open dense subset of M. iff n > m. 

Note that so far in this Section we have defined Ai to be the space of possible choices of 
"a holomorphic line bundle L — > M plus n holomorphic sections, up to common rescaling 
of the sections". However, as was seen in Section 3.1, this space can be identified with a 
vortex moduli space. It coincides with the moduli space for the GLSM with goup U(l) 
and integer weights Q\ — ■ ■ • — Q\ — 1, assuming that the stability parameter (13. 3p 
is positive. Regarding M. as vortex moduli space has the advantage that it now comes 
equipped with a natural Kahler metric, the metric defined in fll.7p and studied in Section 
4. Since the space H, of maps also has a natural L 2 -metric, one may wonder if there is 
any relation between these two metrics under the embedding H Ai. This question 
was posed in |Ba4] in the case where M is a Riemann surface. In Section 5.3 we extend 
the arguments and conjectures of that reference to higher- dimensional M. 

5.2 Vortices and maps to toric manifolds 
Toric manifolds 

Let X be a smooth and not necessarily compact toric manifold of complex dimension n — k. 
We will think of it as a symplectic quotient of C n by a linear, effective and hamiltonian 
T fc -action with integer weights Q", where the indices run as a = 1, . . . , k and j = 1, . . . , n. 
This means that X is the quotient space 

X := ^\0)/T k , 

with moment map [i : C n — > iM> k given by 

n 

= -^(X g ^ J|2 - r ) • (5 - 3) 

The weights Q°j and the constant r G M fc should satisfy conditions similar to those of 
Section 3, namely: 

(HI) There exists an index subset / C {1, . . . , n} such that r can be written as a linear 
combination Y^ijei ^ Qi wr ^ n positive scalar coefficients; 

(H2) For every such index subset the weights {Qj : j G /} generate the lattice Z fe . 

These two conditions guarantee that the quotient is indeed smooth of dimension n — k. 
One can also think of X as a complex quotient of C n . In this case one uses the complexified 
(C*) fc -action on C n with the same integer weights, and considers the so-called stable subset 
B ss := (C*) fc ■ yU _1 (0) of the vector space C n . This is clearly a (C*) fc -invariant subset. It 
follows from conditions (HI) and (H2) that B ss is open and dense inside C n . Moreover 

X = B ss /(C*) k . 
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It is well known that the cohomology ring H*(X; Z) of such a toric manifold is generated 
by a set of natural 2-classes. These are the first Chern classes of the k line bundles 
H a — > X. Recall that H a is defined as the quotient of the cartesian product /i _1 (0) x C 
by the free T fc -action 

k k 

g ■ (z u ...,z n ;w) := ( Zl ( JJ^ 6 )^ 1 ) ' " " " ' ( 5 9a w) , (5.4) 

6=1 6=1 

where Z\, . . . , z n are complex coordinates on C n , the ambient space of /i -1 (0). 
Holomorphic maps as vortices 

Let H denote the space of holomorphic maps / : M — > X with its usual topology. 
It can be broken into distinct topological components according to the values of the 
pulback classes f* c\(H a ) in the integer cohomology of M. For each vector £ in the 
direct sum © fc if 2 (M, Z), we denote by the subspace of holomorphic maps / such 
that /* C\{H a ) = £ a for all indices a. Now let P — > M be a principal T fc -bundle with 
C\{P) = £. As in Section 3, we can consider the GLSM on the manifold M associated 
to P and the weights Q®. The vortex equations for this theory are as in (13.1 1) . For a 
sufficiently big value of the constant e 2 , it is clear that the assumptions (HI) and (H2) 
above imply the analogous conditions (CI) and (C2) of Section 3.1. So in this case the 
vortex equations will have the nice set of solutions described in that Section. Making 
explicit the Chern class of the principal bundle, we will denote by this vortex moduli 
space. 

Proposition 5.1. Assume (HI) and (H2). If the constant e 2 is sufficiently large there 
exists a natural holomorphic embedding %^ ^ Ai^. The image C .M^ of this map 
consists of the vortex solutions [A, (pi, ... , <p n ] such that, for every point x G M, the index 
set J^^) = {j G {1, . . . , n} : (f)j(x) ^ 0} satisfies (HI). 

Remark. It can happen that the subset C M.^ is empty, so in this case will also 
be empty. 

To describe the embedding, take any map / G H,^ and consider again the k holomorphic 
line bundles H a — > X. (Each H a has a natural hermitian metric, so can be thought 
of as being a line bundle, a principal C*-bundle, or a principal circle bundle, and we 
will switch between these three viewpoints.) Defining P a := f*H a , the cartesian product 
P = x h P a is a T fc -bundle over the manifold M with first Chern class Ci(P) = £. Moreover, 
it is apparent from definition f)5.4p that the tensor product <8>„ =1 (H a )®3 — > X is a line 
bundle with a natural section determined by the simple rule 

Sj : \Z\ , . . . , Zn] I — > [Z\ , . . . 

j Z n . Zj 

] ■ (5-5) 

This means that each associated bundle 
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has a natural holomorphic section <j>j := f*Sj. So each map / G determines a holomor- 
phic (C*) fc -bundle P — > M and n holomorphic sections 4>j of the associated bundles Lj. 
These correspond to a unique equivalence class of vortex solutions, i.e. to a point in Ai^, 
provided that the Hitchin-Kobayashi correspondence of Proposition 1331 is applicable, and 
this follows from the lemma below. 

Lemma 5.2. Let If be the index subset {j G {1, . . . ,n} : f*Sj ^ 0}. Then for big enough 
e 2 the stability parameter (13. 3 p can be written as a linear combination Yljeir ^ Qj with 
positive scalar coefficients. 

Proof. For each index j = 1 , . . . , n denote by Bj the subspace of C n determined by the 
equation Zj = 0. Since our toric manifold is the quotient X = /i~ 1 (0)/T fc , the intersection 
/i _1 (0) n Bj projects down to a (possibly empty) submanifold Xj C X. From definition 
(15. 5p it is clear that the section Sj vanishes precisely along this submanifold Xj. In 
particular the pulback section f*Sj is identically zero if and only if the image f{M) is 
contained in Xj. This means that 

f(M) C P| Xj 

j&t 

A fairly uncontroversial consequence of this relation is that the set on the right-hand-side 
is not empty. Upstairs on C n , this means that the set C\jgi f Bj intersects /z _1 (0). Having 
a look at the definition (15. 3 p of the moment map, this clearly implies that there exists 
a subset I G If such that it is possible to write r = Yljel ^ Qj with positive scalar 
coefficients. The subset I is not empty because of assumption (H2). By Lemma [A. 2 1 in 
the Appendix, it is also possible to write r = J2jei f ^ Qj with positive scalar coefficients, 
so summing through the whole If. Finally, it is apparent from definition (I3.3P that for 
sufficiently large e 2 the stability parameter a is arbitrarily close to the value rVolM in 
R fc . Thus for big enough e 2 it is possible to write this parameter as a linear combination 
a = J2jei f ^ Qj w ith positive scalar coefficients, as desired. □ 

We have described above how to obtain a vortex solution in Ai^ from a holomorphic map 
/ : M — > X. That solution is defined by putting <f>j = f*Sj. Now we have to show that 
it belongs to the image as defined in the statement of Proposition 15.11 

Lemma 5.3. For every point x G M the index subset I fix) defined as {j G {1, . . . ,n} : 
f*Sj(x) 0} satisfies (HI). 

Proof. The proof is similar to the one of Lemma l5\2l Using the notation and the arguments 
of that proof, we have that 

f{x) G P| Xj . 

Upstairs on C n this means that the set f\j0 f{x) Bj intersects /z -1 (0). The definition (15. 3 j) of 
moment map and assumption (H2) imply that there exists a non-empty subset I C If( x ) 
that satisfies (HI). By Lemma TA. 21 in the Appendix, the whole If( x ) also satisfies (HI). □ 
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So far we have constructed a map — > Zg. Now we will describe its inverse, therefore 
showing that it is injective. 

Lemma 5.4. The map of Proposition [3T71 has a holomorphic inversely — > defined on 
its image. 

Proof. Denote by B ss C C n the (C*) fc -invariant subset of points (zi, . . . , z n ) such that the 
index subset I z := {j G {1, . . . ,n} : Zj ^ 0} satisfies (HI), i.e. such that the parameter 
r is in the positive cone generated by {Qj : j G I z }. A standard argument analogous to 
the one leading to equation (I3.10P shows that B ss is the stable set of the complex torus 
action on C n , i.e that B ss = (C*) fc • /i _1 (0). So there is a standard holomorphic projection 
7i : B ss — > X to the toric quotient. A vortex solution [A, (f>i, . . . , <p n ] belongs to the 
subspace X^ precisely if the the images (<px(x), . . . ,<f) n (x)) are in B ss for all x G M. So 
for any such vortex solution the composition f^ := n o <fi is a map M — > X. It is a 
holomorphic map because of the first vortex equation, i.e. because it is possible to find 
local trivializations of the line bundles such that the sections <pj are all holomorphic. It is 
straightforward to check that the line bundles (/^)*iJ a have Chern class £ a and that, for 
all x G M, we have 

(U)*Sj(x) = <pj(x) . 

Thus the image of f^ by the map Ti^ — > is gauge equivalent to the original vortex 
solution, and we have constructed the desired inverse holomorphic map X^ — > H^. □ 

Generic vortex solutions and holomorphic maps 

In this paragraph we ask whether the space % of holomorphic maps to toric targets 
embedds as an open and dense subset the vortex moduli space Ai. A general criterion 
for this to happen is presented. When the base M is a projective space this criterion is 
much simpler. 

Consider the stable subset B ss C C n . It can be described both as the set of orbits 
(C*) fc ■ /i _1 (0), or as the set of points {z\, . . . , z n ) in C n such that the parameter r is 
in the positive cone generated by {Qj G R k : Zj ^ 0}. It is a consequence of Lemma 
IA.2I that B ss is open and dense in C". The complement C" \ B ss is a union of certain 
coordinate planes in C n of different codimensions. Each of these planes is defined by a 
set of equations Zj t = ■ ■ ■ = Zj n _ { = 0, where / > is the complex dimension of the plane, 
and determines a special sub-bundle © • • • © Lj n _ t — > M of the full GLSM bundle 
©™ =1 Lj. We will denote by L ss the subset of the full bundle ©™ =1 Lj corresponding to the 
stable subset B ss C C" In other words, as a set, L ss is the full bundle minus all the 
special sub-bundles © ■ ■ ■ © Lj n _ t corresponding to the coordinates planes in C n \ B ss . 

Now, a vortex solution (A, cj> 1 , . . . , <p n ) is in the image X^ C M.^ of the embedding if 
and only if for every point x G M the value <f)(x) is in the subset L ss . In particular, this 
means that the sections 4>jn ■ ■ ■ > 4>j n -i °f the special sub-bundles Lj ± © • • • © Lj n _ t cannot 
vanish simultaneously anywhere on M. So we have: 

Consider the special sub-bundles Lj 1 © • • • © Lj n _ t of the full ffi" =1 Lj corresponding to the 
coordinates planes in C n \ B ss . Then the space of holomorphic maps embeds as an 
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open dense subset of the vortex moduli space if and only if the generic holomorphic 
section of each of these special sub-bundles does not vanish anywhere on M . 

A more concrete result can be stated when the base M is a projective space. To make 
this statement, consider again the coordinate planes in C n \ B ss and the corresponding 
sub-bundles Lj 1 © ••• © Lj n _ r Choose one such plane, henceforth called E, with the 
property that the positive integer 

s E : = dim£ + #{l < s < n - dim£ : H°{M; L js ) = 0} 

is maximal among all planes in C n \ B ss . This integer is well defined, for when M is 
simply connected the dimension of the space of holomorphic sections H°(M; Lj s ) is an 
unambiguous characteristic of the only holomorphic structure on Lj s . This maximal 
integer s depends only on the constants Q°j and r that determine the quotient X, and on 
the cohomology class £ that determines the L/s. Then we have the following result. 

Proposition 5.5. When M is a projective space, the space of holomorphic maps 
embeds as an open dense subset of the vortex moduli space Ai^ if and only if n — s E > 
dime M . 

Proof. As stated before, a vortex solution (A, 0i, . . . , <p n ) is in the image C M.^ of the 
embedding if and only if for every point x G M the value (f>(x) is in the stable set B ss (or, 
more precisely, in the subset L ss ). Now consider the coordinate plane E in the complement 
C n \ B ss with maximal se- Without loss of generality, we may assume that E is defined 
by the set of equations z\ — ■ • ■ — z n -i E = 0, where Ie denotes the dimension of E. The 
solution (A, 0) belongs to Zg only if the sections 0i, . . . , 4> n -i E do not have a common 
zero, otherwise at that point <f>(x) would be in the plane E, so outside B ss . Among these 
sections, a certain number will always be identically zero, because H°(M; L s ) may be 
zero. This will happen for 

m E ■= #{l<s<n-/ E : H°(M; L s ) = 0} 

sections. After relabeling if necessary, we can assume that the sections that are always zero 
are (p n - SE+ i, . . . , <t> n -i E - The remaining sections 0i, . . . , 4> n -s E will generically be non-zero, 
and will vanish only along a divisor in M. So the condition that (f)(x) lies outside the plane 
E for all x G M is reduced to the condition that the intersection of the corresponding 
divisors D 1 fl . . . fl D n _ SE is empty in M. When M is projective space, this will happen 
generically iff n — s E > dime M. If instead of E we had chosen another plane E' in 
the complementary set C n \ B ss , this would not impose any new restrictions, since by 
definition s' E < s E . The conclusion is that the generic vortex solution is in if and only 
if n — s E > dime M. □ 

Example. When the target X is also a projective space CP™ -1 = (C n — {0})/C*, the 
plane E is just the origin {0}. Thus l E = dimE = 0. As described in Section 5.1, 
the space "H of holomorphic maps then embeds in the vortex moduli space of the GLSM 
with group U(l) and integer weights Q\ — • • • — Q\ = 1- In this case the line bundles 
Li, . . . ,L n are all isomorphic, so if they are positive we have that m E = and s = 0. In 
this case % is open and dense in Ai if and only if n > dim M. 
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Remark. Standards results on toric manifolds say that the coordinate planes outside the 
stable set B ss always have complex codimension at least 2 |Aud[ p. 235]. In the notation 
used above, this implies that n — Ie > 1- In particular, if the line bundles Li, . . . ,L n are 
positive and M is a Riemann surface, "H^ always embeds as an open dense subset of Ai^. 



5.3 Conjectures about the L 2 -metrics 

Consider again the spaces %^ of holomorphic maps M — > X to toric targets. These 
spaces have a natural complex structure induced by the complex structures of the domain 
M and of the target X. They also have a compatible metric Kahler metric u-h determined 
by the norm 

WWlu ■■= [ ld/1 2 = / (9mT" (d a f j ) ( d p f l ) (g x ) ls . (5.6) 

J{M,g M ) J(M,g M ) 

This is usually called the L 2 -metric on H. It is defined also for more general spaces of 
maps between Riemannian manifolds, not necessarily holomorphic maps. Since one can 
regard H as embedded in the vortex moduli space Ai, and the latter space has the natural 
L 2 -metric Um, it is natural to ask whether this is an isometric embedding or not. In [Ba4j 
it was argued that this should be the case if: (1) one takes the metric gx on the toric 
target to be the symplectic quotient of the standard euclidean metric on C n determined 
by the moment map ( 15. 3p . and, (2) one takes the strong coupling limit e 2 — > oo. (Recall 
that both the vortex equations and the metric u» on the moduli space are e 2 -dependent. 
The moduli space itself, i.e. the complex manifold Ai, is not, at least for e 2 large enough.) 
The heuristic arguments of that reference should hold also in the case of higher-dimension 
M, so we have: 

Conjecture 5.6. Take the metric on induced by the metric ( II. 7p on the vortex moduli 
space through the embedding ■=-)■ Ai^ of Proposition 15.11 Then in the limit e 2 — > oo 
this metric converges to the natural L 2 -metric ( 15. 6 j) on 

When embeds as an open dense subset of the vortex moduli space, the conjecture 
above says that as e 2 — > oo the pointwise limit of the vortex metric um over the domain 
C M.^ coincides with the natural L 2 -metric uu- On the complement M.^ \ the 
vortex metric w» may very well diverge in this limit. In fact, it is clear from the vortex 
equation 



AF A -ie'[(J2Q^\^\ 2 ) 







that when e 2 goes to infinity the curvature AFa must explode at the points x G M where 
the argument of the square bracket cannot vanish, i.e. the points such that the index 
subset Im x \ does not satisfy (HI) (see Proposition 15. ip . So AFa explodes if the vortex 
solution is not in the image C Ai^. It is then plausible that, in the limit e 2 — > oo, 
the metric um also diverges outside "H^. Moreover, there are known examples where the 
scalar curvature of ojh diverges as one approaches the boundary &H. So if the conjecture 
is to hold, at least in these examples the limit of ujm must also diverge at &H. 
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Assuming the validity of the conjecture above, one can go one step further by exchang- 
ing the limit with the volume integral and propose: 

Conjecture 5.7. When embeds as an open dense subset of the volume of(Ji^ ujy) 
coincides with the limit 

Vol(H£,Uy) = lim Vo\(M^,um) ■ 

e 2 — >+oo 

The total scalar curvature of (T-L^u^) can also be obtained as the e 2 — » oo limit of the 
total scalar curvature of (AA^^m)- 

This conjecture was used in [Ba4] to propose explicit formulae for Vol (H^, ojy) and the 
total scalar curvature of % in the case where M is a Riemann surface and X is a projective 
space. The volume formula was checked by Speight through a direct computation in the 
special case of maps CP 1 — > CP™ -1 of degree 1 |Spe| . By the same token, here we can 
use the results of Section 4 to propose formulae for the volume of the space of maps 
M — > CP™ -1 when M is higher- dimensional. 



Example 

Take M to be simply connected with H 2 (M,Z) ~ Pic(M) ~ Z and the target X to be 
the projective space CP™ -1 . We take the metric on CP™ -1 to be tttujfsi where r > and 
ujps stands for the Fubini-Study form normalized so that its cohomology class generates 
iy*(CP n_1 ,Z). Any holomorphic map / : M — > CP™ 1 has a well defined integer degree 
d. If E — > M is a positive generator of the Picard group and H — > CP™ -1 is the 
hyperplane bundle, the degree is determined by the equation 

f* Cl (H) = d- Cl (E) 

in H 2 (M,Z). Proposition 15.11 says that for large e 2 we have an embedding ^ 
Observe that the degree on the vortex moduli space coincides with the degree defined in 
Example (2) of Section 2.2, as follows from (15. 2p . If the degree d is negative, the moduli 
space M. d is always empty, and hence so is the space of maps %d- If d is zero, Proposition 
13.51 says that M.q ~ CP™ -1 , hence %q is just the space of constant maps M — > CP™ -1 . 
If the degree d is positive and e 2 is large, Proposition 13.51 says that Aid ~ CP" r ~ 1 , where 
the integer r is the complex dimension of H°(M; E d ). 

Now specialize to the case where the base M = CP" 1 is also a projective space. Then 
according to Proposition 15.51 and the remark following it, Hd will embed as an open dense 
subset of CP™ r_1 if and only if n > dimM. If this last condition is satisfied we can use the 
volume computations of Section 4.3, together with Conjecture 15.71 to propose the formula 

, ri/ „, s ,. (ttct)"'- 1 (tttVoIM)™''- 1 

Vo\(n d ,uj n ) = hm = V — Mr—. 

e-->-+oo [nr — 1J ! [nr — 1 j ! 

Here r is the integer (m + d)\/(m\ d\), and we are assuming that m and d are positive. 
The total scalar curvature of (Hd, ujh) should be given by 

Ju d [(nr - 
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A Appendices 

A.l Limits of the vortex equations 

In this appendix we make very informal observations about the strong and weak coupling 
limits of the vortex equations, i.e. the limits where the constant e 2 is large or small. We 
will do so for the simplest abelian equations, namely equations ( ll.3p -( fl~5l) for vortices on 
a positive line bundle L — > M. 

Limit e 2 — > oo 

In physics this is called the strong coupling limit. Start by noting that for positive r the 
stability condition ( 12. ip is satisfied for arbitrarily large values of e 2 . This means that, as a 
complex manifold, the vortex moduli space M. does not change for big and growing values 
of e 2 . It always coincides with the space of effective divisors on Ai carrying a homology 
class Poincare-dual to C\(L). Observe from expression (11.61) that, when e 2 — > oo, the 
energy of each vortex solution tends to the finite positive constant 

E V ortex — > / 7 7T7 C l(-k) • 

hi [m-l)\ 

On the other hand, looking at definition ( II. ip of the functional E(A, 0), we recognize that 
for the energy to remain finite in this limit we must have 

(I0I 2 - r) 

almost everywhere on M. This is also suggested by the formal limit e 2 — > oo of the second 
vortex equation (11.41) . Note, however, that over the effective divisor D C M corresponding 
a vortex solution {A,<f>), the section is always zero, independently of the value of e 2 . 
So for each vortex solution the picture is that the norm \<j)\ 2 tends to r everywhere on M 
except along the corresponding divisor D, where |0| 2 remains zero. The second vortex 
equation 

iAF A + e 2 (\<p\ 2 -r) = 

then implies that the curvature AF& must explode over D in the strong coupling limit. 
The ideal picture would be that the curvature gradually concentrates around the divisor 
as e 2 — > oo. Lets now look at the volume of the moduli space in the example where 
M is an abelian variety. As is explained in Section 2, in this case the moduli space is 
a projective bundle Ai — > Pic°M over the Picard group. The "size" of the fibres and 
base of this bundle is determined by expression ( 14.51) for the Kahler class. As e 2 — > oo, 
we see that the contribution of the fibres remains finite, while the contribution the base 
becomes smaller and smaller. So, metrically, the moduli space M. becomes a projective 
bundle over an infinitesimally small torus. 



39 



Limit e 2 — > with constant e 2 r 

Start by observing that if the stability condition (12. ip is satisfied for some finite values of 
r and e 2 , then it is also satisfied for arbitrarily small values of e 2 as long as re 2 remains 
constant. Once again, this means that the moduli space M. does not change as a complex 
manifold when we approach this limit. Now observe that the formal limit of the second 
vortex equation is in this case 

AF A - ie 2 r = . 

This suggests that, for each vortex solution, when e 2 — > with constant e 2 r, the con- 
nection A approaches a Hermitian-Einstein connection on L — > M. If M is simply 
connected, there is a unique such connection, up to gauge transformations. When M is 
an abelian variety, the Hermitian-Einstein connections on L are parametrized by Pic°M. 
In this case M. is a projective bundle over Pic°M, and we expect that the connections 
of the vortex solutions corresponding to the same projective fibre in Ai will all converge 
to the same Hermitian-Einstein connection on L. Regarding the Kahler class of A4, it 
follows from (12. ip and (14.51) that both the "size" of the projective fibres and the "size" of 
the base Pic°M diverge in the limit e 2 — > with constant e 2 r. 

A. 2 Auxiliary lemmas 

In this appendix we collect two algebraic lemmas about torus actions on vector spaces. 
These are relevant to understand the stability condition for toric quotients and the related 
gauged linear sigma- models (GLSM). 

Lemma A.l. Take a constant r ^ m l fc and assume that conditions (HI) and (H2) of 
Section 5.2 are satisfied. Then there exists an index subset I C {1, . . . , n} of cardinality 
k such that we can write r = Yljeio ^ Qi w ^h positive scalar coefficients. There is no 
index subset of smaller cardinality with the same property. 

Proof. For each non-empty index subset I C {1, . . . , n} consider the closed positive cone 
C7 := {v G R k : v = J2 Xj Qj with Xj > °} ■ 

Since r ^0, condition (H2) implies that r ^ Cj for any subset I of cardinality less than 
k. Define I' to be an index subset of cardinality k — 1 such that the euclidean distance 
between r and Cp is minimal among the (positive) distances between r and the closed 
cones corresponding to all index subsets of cardinality k — 1. Call v' G Cj/ the vector 
inside this cone that minimizes the euclidean distance to r. Then r — v ' is a non-zero 
vector orthogonal to v ' . Observe that there exists an element jo £ {0, • • • , n} such that 
the vector Qj has positive inner product 

Q j0 -(r-v') > 0. (A.l) 
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If this were not true, assumption (HI) would imply that 

> t-(t-v') = (t-v')-(t- v') , 

which is impossible. Taking this index j , consider the 1-parameter family of vectors 

v t := v' + tQ jo for t > . 

The euclidean norm of each of these vectors is 

\\r-v t \\ 2 = \\r-v'\\ 2 - 2tQ j0 -(r-v') + £ 2 ||Q io || 2 , 

so from flA.lj) it is clear that for small e > the distance ||r — v e \\ 2 is strictly smaller than 
the distance ||r — v'\\ 2 . In particular j must not belong to otherwise v e would be inside 
Cji and this would contradict the definition of v'. So the index subset 

J := I'U-U} 

has cardinality k. We will now show that r belongs to the closed cone Cj . Suppose that 
this was not true and that r was outside Cj . Then the closest point to r inside Cj , 
which we call v", would necessarily be on the boundary dCj . This boundary is the union 
of the closed cones determined by the subsets of Iq of cardinality k — 1. In particular 
there would be a subset I" C Iq of cardinality k — 1 such that v" G Cp>. Therefore the 
distance from the cone C/» to r would be equal to or smaller than the distance from the 
cone Cji C Cj to r. By the minimizing assumptions in the definition of I', this distance 
cannot be smaller, so it must be equal. Thus 

\\r-v"f = \\r-v'f 

is the shortest distance between the cone Cj and r. This is impossible because above we 
have found a vector v e G C/ whose squared distance to r is strictly smaller than \\r — v'\\ 2 . 
The conclusion is that r must belong to Cj , and so be of the form r = ^,- 6 j A- 7 Qj with 
A J > 0. Finally, assumption (H2) guarantees that none of the coefficients A J is zero. □ 

Lemma A. 2. Take a constant r ^ in M, h and assume that conditions (HI) and (H2) 
of Section 5.2 hold. Let I C I' be two index subsets of {1, ... ,n}. Then, if we can write 
r = A J Qj with positive scalar coefficients, we can also write r = J2j£i> A J Qj with 
positive scalar coefficients. In particular we can always write r = YTj=\ A J Qj with positive 
scalar coefficients. 

Proof. Condition (HI) says that vector r is in the interior of the positive cone Ci generated 
by the weights {Qj G R k : j G /}. Condition (H2) says that this cone is k- dimensional. 
So for small enough positive coefficients <P, the vector r' = t — J2jei'\i ^ Qj ls s ^ m ^ n 
the interior of C7, and hence we can write r' = Ylj<=i A /J Qj for some choice of positive 
coefficients A /J . Thus 

r = J2 X ' j Qj + E &! Qj ■ 

jel jei'\J 

as desired. To prove the last assertion, just note that by assumption condition (HI) is 
satisfied by some index subset of I C {1, . . . , n}, and hence the assertion follows from the 
first part of the lemma. □ 
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